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PREFACE

O Level Additional Mathematics Topical Revision Notes has been written in
accordance with the latest syllabus issued by the Ministry of Education, Singapore.

This book is divided into 16 units, each covering a topic as laid out in the syllabus.
Important concepts and formulae are highlighted in each unit, with relevant worked
examples to help students learn how to apply theoretical knowledge to examination
questions.

To make this book suitable for N(A) Level students, sections not applicable for
the N(A) Level examination are indicated with abar ().

We believe this book will be of great help to teachers teaching the subject and students
preparing for their O Level and N(A) Level Additional Mathematics examinations.

Preface i



Unit 1

Unit 2

Unit 3

Unit 4

Unit 5

Unit 6

Unit 7

Unit 8

Unit 9

Unit 10

Unit 11

Unit 12

Unit 13

Unit 14

Unit 15

Unit 16

CONTENTS

Simultaneous Equations, Polynomials and Partial Fractions
Quadratic Equations, Inequalities and Modulus Functions
Binomial Theorem

Indices, Surds and Logarithms

Coordinate Geometry

Further Coordinate Geometry

Linear Law

Trigonometric Functions and Equations

Trigonometric Identities and Formulae

Proofs in Plane Geometry

Differentiation and its Applications

Further Applications of Differentiation

Differentiation of Trigonometric, Logarithmic &

Exponential Functions and their Applications
Integration
Applications of Integration

Kinematics

Mathematical Formulae

iv Contents

25

44

52

67

77

85

93

104

113

121

129

139

148

158

170

178



Simultaneous Equations,
Polynomials and Partial

Fractions

Simultaneous Linear Equations

1. The solution(s) of a pair of linear and/or non-linear equations correspond to the
coordinates of the intersection point(s) of the graphs.

2. A pair of simultaneous linear equations is of the form

ax+by=p
cx+dy=gq,
where

a, b, ¢ and d are constants,
x and y are variables to be determined.

3. There is usually one solution to a pair of simultaneous linear equations.
4. Methods of solving simultaneous linear equations:

¢  Elimination (covered in ‘O’ level Mathematics)

e Substitution (covered in ‘O’ level Mathematics)

e Matrix method (not in syllabus)

e Graphical method (covered in ‘O’ level Mathematics)

Simultaneous Equations, Polynomials and Partial Fractions



5. The methods most commonly used to solve simultaneous linear equations are

e Elimination
The coefficient of one of the variables is made the same in both equations. The
equations are then either added or subtracted to form a single linear equation
with only one variable.

Example 1
Solve the simultaneous equations
2x +3y=15
“3y+4x=3
Solution
2x+3y=15 — (1)

By+4x=3 —(2)
(D) +(2):
2x+3y)+ (3y+4x) =18

6x=18

x=3

When x=3,y=3.




e Substitution
A variable is made the subject of the chosen equation. This equation is then
substituted into the equation that was not chosen to solve for the variable.

Example 2

Solve the simultaneous equations
2x -3y =-2,
y+4x=24.

Solution
2x-3y=-2 — (1)
y+4x=24 —(2)

From (1):
= —242-3y

x=-1+ %y—(3)

Substitute (3) into (2):

y+4(—1+ %y) =24

y—4+6y=24
Ty =28
y=4

Wheny=4,x=5.

Simultaneous Non-Linear Equations
6. A non-linear equation is not of the form ax + by = p.

7. Methods of solving simultaneous non-linear equations:
o Substitution
o Graphical method (covered in ‘O’ level Mathematics)

Simultaneous Equations, Polynomials and Partial Fractions




8. The method most commonly used to solve simultaneous non-linear equations is
e Substitution

9. The substitution method:
Step 1: Use the linear equation to express one of the variables in terms of the other.
Step 2: Substitute it into the non-linear equation.
Step 3: Substitute the value(s) obtained in Step 2 into the linear equation to obtain
the value of the other variable.

Example 3

Solve the following pair of simultaneous equations.

3y=x+3
v =13 +2x
Solution
3y=x+3 —(1)
V'=13+2x — (2)
From (1):
y= %x +1 ——(3) (Use the linear equation to express y in terms of x.)
Substitute (3) into (2):

1 2
(§x+1) =13+ 2x

%x2+ %x+1=13+2x

%xz— %x—lZ:O

X —12x-108=0

(x-18)(x+6)=0
x=180orx=-6

Whenx=18,y=7. (Substitute the values of x into the linear equation to obtain
When x =-6,y=-1. the corresponding values of y.)

Sx=18,y=7 or x=-6,y=-1




Example 4

Solve the simultaneous equations

X - 2y2 =-17,
x—y=-4.
Solution
X =2y=-17 — (1)
x—y=-4 —(2
From (2),
y=x+4 —— (3) (Use the linear equation to express y in terms of x.)

Substitute (3) into (1):
X —2(x+4)>=-17 (Substitute the linear equation into the non-linear
X —2x*—16x—32=-17 equation.)
—~x*—16x-15=0
¥ +16x+15=0
(x+ 1)(x+ 15)=0 (Factorise the quadratic expression.)
x=-lorx=-15

When x=-1,y=3. (Substitute the values of x into the linear equation
When x =-15,y=-11. to obtain the corresponding values of y.)

sox=-1l,y=30rx=-15,y=-11
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Example 5

The line 2x + y = 5 meets the curve x* + y* + x + 12y — 29 = 0 at the points A and B.
Find the coordinates of A and B.

Solution
2x+y=5 — (1)
F+y +x+12y-29=0 — (2)

From (1),
y=5-2x — (3) (Use the linear equation to express y in terms of x.)
Substitute (3) into (2):

X+ (G=20)+x+12(5-2x)=29=0 (Substitute the linear equation
P 4+25-20x+4x +x+ 60 —24x —29 =0 Into the non-linear equation.)
5x° —43x+56=0
(5x=8)(x—7)=0 (Factorise the quadratic expression.)

x=1 % orx="7
When x = 1§ ,y= 1i . (Substitute the values of x into the linear equation

When x = 7,5y -9 to obtain the corresponding values of y.)

W

.. The coordinates of A and B are (lg, 1%) and (7,-9).




Definitions

10. A polynomial in x is a mathematical expression of a sum of terms, each of the form
ax", where a is a constant and n is a non-negative integer. It is usually denoted as f(x).

ie.f()=ax"+a, X' '+a, X'+ ... +a,xX +ax+aq,

11. Examples of polynomials include x* + 2x — 1, 6x* — % x> and —02x + x” + 5x°.

2
Examples of non-polynomials include 2x” + % ,4—+xand x + x°.

12. a,,a, ,,...,a,are coefficients.

a, is also called the constant term.

13. The degree (or order) of a polynomial in x is given by the highest power of x.

For example, the degree of 6x° — 2x° + x — 8 is 3 and the degree of 1 — x + 5x" is 4.

14. The value of f(x) at x = ¢ is f(c).
For example, if f(x) = 2x’ + x° — x — 4, then the value of f(x) at x = 1 is
f() =21y +1°=1-4=-2.

Identities

15. An identity is an equation in which the expression on the LHS (left-hand side) is
equal to the expression on the RHS (right-hand side).

16. Methods of finding the unknown constants in an identity:
e By substitution of special values of x
* By comparing coefficients

Simultaneous Equations, Polynomials and Partial Fractions



Example 6

It is given that for all values of x, 2x* + 54" = x —= 2 = (Ax + 3)(x + B)(x — 1) + C.
Find the values of A, B and C.

Solution
Letx=1:2(1+5(1)-1-2=A+3)1+B)(1-1)+C (Letting x be 1 leaves
C=4 us with 1 unknown, C.)

Let x=0:2(0) + 50 -0-2=(0+3)0+B)0—-1)+4 (Letting x be 0 leaves
B=2 us with 1 unknown, B.)

Comparing coefficients of x°,
A=2
LA=2,B=2and C=4

Example 7

Given that 2x° + 3x* — 14x — 5 = (2x — 3)(x + 3)Q(x) + ax + b, where Q(x) is a
polynomial, find the value of a and of b.

Solution
Letx=-3:2(-3)° + 3(-3)* = 14(-3)-5=-3a +b
10=-3a+b
3a-b=-10 — (1)

3 2
PR O OV S T T
2253
272
3a+2b=-25 — (2)

a+b

)= (1):3b=-15

b=-5
a=-5
La=-5,b=-5




Long Division

17. When 3x’ + 4x” — 6x + 3 is divided by x — 1,
o the dividend is 3x” + 4x* — 6x + 3
e the quotient is 3x° + 7x + 1
e the divisoris x—1
e the remainder is 4.

3x7+7x+1 <— Quotient
Divisor —» x — 1) 3x* + 4x? — 6x + 3 <— Dividend

—(3x* = 3x%)
7x*—6x+3
—(7x* = 7x)
x+3
-(x-1)

4 <— Remainder

18. Dividend = Quotient x Divisor + Remainder
19. The order of the remainder is always at least one degree less than that of the divisor.

20. The process of long division is stopped when the degree of the remainder is less
than the degree of the divisor.

Synthetic Method
21. The synthetic method can be used to divide a polynomial by a linear divisor.
To divide 3x’ + 4x* —6x + 3 by x — 1,
1 ‘ 3 4 —6 3 <«— Coefficients of

3 7 1 the Dividend
3 7 1 4

Coefficients of T
the Quotient  Remainder

Simultaneous Equations, Polynomials and Partial Fractions




Remainder Theorem
22. The Remainder Theorem states that when a polynomial f(x) is divided by ax — b,

the remainder is f (%) .

23. If f(x) is divided by a quadratic divisor, then the remainder is a linear function or a

constant.

Example 8

Find the remainder when x” — 2x* + 3x — 1 is divided by x — 1.

Solution
Let f(x) =x° — 2x° + 3x — 1.

By Remainder Theorem,

The remainder is f(1) = (1) = 2(1)* + 3(1) - 1
=1-2+3-1
=1

UNIT 1



Example 9

Given that f(x) = ax’ — 8x” — 9x + b is exactly divisible by 3x — 2 and leaves a
remainder of 6 when divided by x, find the value of @ and of b.

Solution

. 2
Since f(g) =0,

3 2
a@ —8(%) —9(%)+b=0
8432 64p=0
27 9
8a—96—-162+27b=0
8a+27b=258 — (1)
Since f(0) = 6,
a0y’ = 8(0*-9(0) +b =6
b=6—(2)
Substitute b = 6 into (1):
8a +27(6) = 258
a=12
na=12,b=6

Simultaneous Equations, Polynomials and Partial Fractions



Example 10

Given that f(x) = 6x° + 7x* — x + 3, find the remainder when f(x) is divided by x + 1.

Solution

Method 1: Long division
6x° +x—2

x+1)6x3+7x2—x+3

—(6x" +6x%)
X —x+3

—(x*+x)
-2x+3
—(2x-2)
5

.. The remainder is 5.

Method 2: Synthetic method

.. The remainder is 5.

Method 3: Remainder Theorem
f)=6x"+7x"—x+3
f-1)=6(-1’ +7(-1’ = (-1) + 3
=5
.. The remainder is 5.

Factor Theorem
24. The Factor Theorem states that when a polynomial f(x) is divided by ax — b and

that f (g) =0, then ax — b is a factor of f(x).

25. Conversely, if ax — b is a factor of f(x), then f (S) =0 and f(x) is divisible by ax — b.

UNIT 1



Example 11

Given that x + 2 is a factor of x* + ax’ — x + 4, calculate the value of a.

Solution

Let f(x) =x* + ax* —x + 4.
Since x + 2 is a factor of f(x), by Factor Theorem,

f(-2)=0
(2 +a(-2)-(-2)+4=0
8+4a+2+4=0

2+4a=0
_1
4=3

Example 12

Prove that x + 2 is a factor of 4x’ — 13x + 6. Hence solve the equation 4x’ — 13x + 6 =0.

Solution
Let f(x) = 4x’ — 13x + 6. (To prove that x + 2 is a factor of f(x),
f(-2) =4(=2) = 13(=2) + 6 we need to show that f(-2) = 0.)
=0

~.x + 2 is a factor of 4x’ — 13x + 6.
Now f(x) = 4x” — 13x + 6 = (x + 2)(4x* + kx + 3), where k is a constant.
Comparing coefficients of x°,

0=8+k

k=-8
ie. f(x) = (x + 2)(4x* — 8x + 3)

=(x+2)2x-1)(2x-3)
To solve 4x° — 13x + 6 =0,
x+2)2x-1D(2x-3)=0

POV B
SX=—20rx = D) orx = 2

Simultaneous Equations, Polynomials and Partial Fractions



Example 13

Given that 4x’ + ax’ + bx + 2 is exactly divisible by x* — 3x + 2, find the value of a
and of b. Hence sketch the graph of y = 4x” + ax” + bx + 2 for the values of  and
b found.

Solution
Let f(x) = 4x” + ax” + bx + 2.
Since x* = 3x +2 = (x — 1)(x - 2),
f(x) is exactly divisible by (x — 1)(x — 2), (Factorise the quadratic divisor.)
ie.f(1)=0and f(2) = 0.
When f(1) =0,
4+ a1 +b(1)+2=0
d+a+b+2=0
a+b=-6 — (1)
When f(2) =0,
427 + a2’ +b(2)+2=0
32+4a+2b+2=0
da +2b=-34
2a+b=-17 — (2)
@) -):
a=-11
b=5
sa=-11,b=5
fo)=4x’ — 117 +5x + 2 = (X’ = 3x + 2)(px + q)
Comparing coefficients of x°,
p=4
Comparing constants,
2=2q
g=1
f(x) = (& = 3x + 2)(4x + 1)
=(x—Dx-2)@x+1)

When f(x) =0,

1 . . . .
x=lorx=2orx= -7 (It is a good practice to find the intercepts with
the coordinate axes before sketching the graph.)

UNIT 1



When x =0,

f(0) = 2.
y
0,2) y =1(x)
> X
(—%,O)/ 0 (1,0) 2,0)

Factorisation of Cubic Expressions
26. A cubic expression is of the form ax’ + bx* + cx + d.

27. Cubic expressions are factorised into:
e 3 linear factors, i.e. (px + q)(rx + s)(tx + u), or
e 1 linear and 1 quadratic factor, i.e. (px + )(rx’ + sx + 1), where rx” + sx +  cannot
be factorised into 2 linear factors

28. Methods of factorising cubic expressions:
e Trial and error
e Long division
e Synthetic method
e Comparing coefficients

29. Sum and difference of cubes:
e Sum of cubes: @’ + b’ = (a + b)(a* — ab + b?)
o Difference of cubes: @’ — b’ = (a — b)(@* + ab + b°)

Solving Cubic Equations
30. To solve the equation f(x) =0,
Step 1: Factorise f(x) using the Factor Theorem.
Step 2: Use the synthetic method or compare coefficients to factorise f(x)
completely.
Step 3: Equate each factor to zero and use general solution where necessary.

Simultaneous Equations, Polynomials and Partial Fractions



Example 14

Solve the equation 2x’ + x’— 5x + 2 =0.

Solution
Let f(x) = 2x" + x* — 5x + 2.
f()=2+1-5+2
=0
.. (x=1) is a factor of f(x).

By long division,

23 +3x-2
x—1)2x3+ XX 5x+2

—(2x* = 2x%)
3x% -~ 5x+2
—(3x% - 3x)

2x+2

—(2x+2)

0

fr) = (x— D2x* +3x-2)
=(x-D2x-1)(x+2)

When f(x) =0,

1
x=1lorx= 3 orx=-2.

UNIT 1



Example 15

In the cubic polynomial f(x), the coefficient of x” is 4 and the roots of f(x) =0

1
3 and —4.
(i) Express f(x) as a cubic polynomial in x with integer coefficients.
(i) Find the remainder when f(x) is divided by 2x — 5.

(iii) Solve the equation f («/;) =0.

are 3

Solution

1
(i) Since the roots of f(x) =0 are 3, = and —4, the factors of f(x) are x — 3,

> 2
2x—1and x + 4.
Given also that the coefficient of x* is 4, f(x) = 2(x — 3)(2x — 1)(x + 4)

=4x’ 4+ 2%" - 50x + 24
3 2
(i) f(%) - 4(%) + 2(%) ~50 (%)+ 24
=26

.. The remainder is —26.
(i) Since f(x) = 2(x — 3)(2x — 1)(x + 4),

f(ﬁ) =2(Vx =3)(2vx = 1)(Vx +4)  (Note that x is replaced with v/x )

When f( x) =0,

2(& - 3)(2\/} - 1)(\/} + 4) =0

Jx=3=0 or 2Jx-1=0 or x +4=0

1
Jx=3 Jx = 3 vx =-4 (no real solution)
1
_x:9 X = Z
1
sox=9orx= 7

Simultaneous Equations, Polynomials and Partial Fractions




Algebraic Fractions
P(x)

31. An algebraic fraction is the ratio of two polynomials of the form ——= , where P(x)

D(x)’
and D(x) are polynomials in x.

Proper and Improper Fractions

32. If the degree of P(x) is less than the degree of D(x), (( )) is a proper fraction.

P(x)
D(x)

33. If the degree of P(x) is more than or equal to the degree of D(x), is an

improper fraction.

34. From an improper algebraic fraction 1};(())3 , we can make use of long division to
- P(x) R(x) R(x) .
obtain + where Q(x) is a polynomial and is a proper
D()Q() D)’ Q(x) is a poly D(x) s & ProP

algebraic fraction.

35. To express a compound algebraic fraction into partial fractions:

Step 1: Determine if the compound fraction is proper or improper. If it is
improper, perform long division (or use the synthetic method if the
denominator is linear).

Step 2: Ensure that the denominator is completely factorised.

Step 3:
Step 4:

coefficients of like terms and/or using the “Cover-Up Rule”.

Rules of Partial Fractions

Express the proper fraction in partial fractions according to the cases below.
Solve for unknown constants by substituting values of x and/or comparing

36. Denominator Algebraic .
Case X . Expression used

of fraction fraction
. mx +n A B

1 Linear factors (ax+b)(cx+d) ax+b * cx+d

’ Repeated linear mx+n A B C

factors (ax +b)(cx +d)’ ax+b cx+d (cx+d)
\ Q;acgatlc factt())r o A Br+C
wiie car'mot © (ax + b)(x* + %) ax+b  x*4¢?

factorised

UNIT 1




Example 16

2x . . .
Express ———— in partial fractions.
X +x

Solution
First factorise the denominator to get the algebraic fraction in the form

¢ mx+n
0 (ax+b)cx+d)

X+x—6=(x+3)(x-2)

7-2x 7T-2x
Xrx-6 (x+3)(x-2)
Then, let 7-2x A B

G+3)(x-2) x+3  x-2
Multiply throughout by (x + 3)(x — 2),

7-2x=A(x—-2) +B(x +3)

Letx=2:7-2(2)=5B (Substituting x = 2 leaves us with 1 unknown, B.)

3
B=3
Letx=-3:7-2(-3) = A(-5) (Substituting x = -3 leaves us with 1 unknown, A.)
13
A=-3
7-2x 13 3

S Pax_6 343 3(x-2)

Simultaneous Equations, Polynomials and Partial Fractions



Example 17

x+9 . .
Express ———— in partial fractions.
X"+ 3x

Solution
x*+9

First we need to perform long division on —5———.
X"+ 3x

X
2+ 3x)xt +0x*+9
—(x* +3x%)
-3x*+9
x'+9 et -3x*+9
Y13 X 43x
3x*+9
x(x* +3)
t—3x2+9 A+Bx+C
et ——— = — .
x(x*+3) X X +3
Multiply throughout by x(x* + 3),
33X +9 =AW +3) + (Bx + o)x
Letx=0:9=3A

A=3
Comparing coefficients of x°,
-3=A+B
=3+B
B=-6
Comparing coefficients of x,
Cc=0
x*+9 3 6x
.= =X+ = - —
X"+ 3x X x"+3

UNIT 1



Example 18

2x*—2x*—24x-7

. in partial fractions.
xT—x-12

Express

Solution
By long division,
2x
X-x- 12)2x3 —2x*-24x-7

—(2x* = 2x* = 24x)

7
2x*—2x*—24x -7 -7
> =0+
x"=—x-12 x =—x-12
-7
=2t o)
-7 A B

(Ignore the 2x when expressing

Lt =73 "4 T 123

T inwoits partial fractions.)
(x=4)(x+3)
Multiply throughout by (x — 4)(x + 3),
-7T=Ax+3)+Bx-4)
Letx=4:-7=7A
A=-1
Letx=-3:-7=-7B
B=1
L 2x —2x - 24x -7 1 1
. > =2x — 2 + 3
x —x-12 X X+

Simultaneous Equations, Polynomials and Partial Fractions




Example 19

8x° - 5x+2 . . :
Express ——————— in partial fractions.
Bx+2)(x"+4)
Solution

8x2—5x+2 A Bx+C

et DD =52t vaa (Note that x* + 4 cannot be factorised
x+2)(x% +

into 2 linear factors.)

Multiply throughout by (3x + 2)(x* + 4),
8 = 5x+2=A("+4)+ (Bx+ O)(3x + 2)

2 80 _ 40
Letx:—g:? =39
A=2
Letx=0:2=4A+2C
=4(2)+2C
2C=-6
C=-3
Comparing coefficients of x°,
8=A+3B
=2+3B
3B=6
B=2
8x’ —5x +2 2 2x-3

= +
Bx+2)(x*+4) 3x+2  x*+4

UNIT 1



37.

Example 20

9—-4x

Express ——————— in partial fractions.
QRx+3)(x-1)

Solution

Let 9-4x A B C

= + + .
Qx+3)(x-1)* 2x+3  x-1  (x-1)

Multiply throughout by (2x + 3)(x — 1)%,
9—dr=A(x— 1Y+ B(x— 1)(2x +3) + C2x +3)
Letx=1:5=5C
C=1
3 25
Letx=—§ 115 = TA
12

A=?

Comparing coefficients of x°,
0=A+2B

12
0_?+ZB

p=_12

5
6
B=-3

) 9 _4x - 12 6 . 1
U 2x+3)(x -1 5Q2x+3)  S(x-1)  (x-1)7

Cover-Up Rule

The “Cover-Up Rule” is a method to find the unknown numerators of partial
fractions.

Py _ A,
(ax+b)cx+d) ~ ax+b  cx+d

[-2)+a -]+

, where P(x) is a linear polynomial,

Given that

Simultaneous Equations, Polynomials and Partial Fractions



Example 21

27 i partial fractions
(x+3)(x-2) '

Express

Solution
ot 3x-1 _ A + B
(x+3)(x=2)  x+3 x-=2°

Method 1: Substitution

3x-1 A + B
(x+3)(x-2) x+3  x-2

Multiply throughout by (x + 3)(x — 2),
3x-1=A(x-2)+B(x+3)
Letx=2:5=5B (Letting x be 2 leaves us with 1 unknown, B.)

B=1
Letx=-3:-10=-54 (Letting x be -3 leaves us with 1 unknown, A.)
A=2
3x -1 2 1

T GEd)x-2) x+3 x-2

Method 2: Cover-Up Rule

Using the Cover-Up Rule,

3(-3)-1 32)-1
= 2 ndp= 2
=2 =1
Lo -l 2
T (x+3)x-2)  x+3  x-2

A

UNIT 1



LUNIT | Quadratic Equations,
Inequalities and

Modulus Functions

Relationships between the Roots and Coefficients
of a Quadratic Equation

1. If a and f3 are the roots of the quadratic equation ax’ + bx + ¢ =0,

Sum of roots, a + f=-=

Product of roots, aff =

SEARENTESY

ie. ¥ —(a+P)x+af=0

2. In general,
x> — (sum of roots)x + (product of roots) = 0

3. Some useful identities
(i) o’ +p>=(a+p)-2ap
(ii) (a-p)=(a+p)y-4ap
(iii) o' - B* = (@’ + B)(a + B)a - )
(v) a*+ B =’ + B -2a°B°
W o' =B =(@-Pla+p) -apl
i) o'+ 7 = (a+ Pl(a + B)’ - 3ap]

Quadratic Equations, Inequalities and Modulus Functions




Example 1

The roots of the quadratic equation 2x* — 5x = 4 are « and 3.

Find o B
(i) o +p° @) 5+5,
Solution
From 2x° — 5x = 4, we have 2x* — 5x — 4 = 0.
__ 5.3
a+f=-75=3
aff = %‘ =-2
2 2
O @HF=@rfi-2af ) gt = S
5\’ 41
- (5) ~2(-2) = +2AD)
_4 _4
=7 =16
Example 2

Using your answers in Example 1, form a quadratic equation with integer

/5

coefficients whose roots are — and

2ﬁ

Solution

a B _ 4
Sum of new roots, ﬁ + % 6

B _1
Product of new roots, > ﬁ X 2a

=%
1
7=0

41
. New equation is x”* — (— E) X+

ie. 16X +41x+4=0.
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Example 3

If a and S are the roots of the equation 2x* + 5x — 12 =0, where a > 3,
find the value of each of the following.

11
i 4+p

B

Solution

a+f=-

(i) o+p

(i) "+ B =(a+p)-2aB

=18+

1
4

1
(_25 ~2(=6)
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Maximum and Minimum Values of Quadratic

Functions

4. The quadratic function ax’ + bx + ¢ can be expressed as a(x + 1)’ + k.

a>0

a<0

y=alx+h)’+k Y

(h. k)

y=alx+hy’+k

(_h’ k)
> X 7 \ > X
Minimum value = k, when x = —h Maximum value = k, when x = —h
Minimum point: (-, k) Maximum point: (-, k)

Sketching of Quadratic Graphs
5. Method of sketching a quadratic graph:

Step 1: Determine the shape of the graph from a.
Step 2: Express the function as a(x + h)* + k to get the coordinates of the maximum or

minimum point.

Step 3: Substitute x = 0 to find the y-intercept.

Step 4: Substitute y = 0 to find the x-intercept(s), if the roots are real.
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Example 4

Sketch the function y = x* — 1.

Solution

Step 1: Since y =x” — 1 is a quadratic function and a is positive, the graph is
U-shaped.

Step 2: Comparing with the form a(x + k) + k, we get a = 1, which is greater than 0
so it has a minimum point.

From the function y=x"—1,h=0,k=—1. (We can express x" — |

.. Minimum point = (0, -1) as (x + 0)’ + (1) and compare
with the form a(x + h)* + k.)

Step 3: When x =0, f(x) =-1.

Step4: Wheny=0,x=1and-1. y

f)=x"—1

4&/1 >
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Quadratic Inequalities

If (x—a)x-b)>0,

6.
thenx < aorx>b.

x—a)(x-b)>0

x<a x>b
O
>X
a /b
N L
7. If(x—a)(x-b) <O,
thena < x < b.

1 1
1 1
\ 1
\ 1
\ 1
\ 1
\ 1
\ 1
\ 1

\\ I,

\\\ ,’/

\_a<x<b /

N I/ ;x
a b

(x—a)(x-b)<0

fx-a)x-b)=0,
thenx <aorx=b.

x—a)x-b)=0

fx-a)x-b)=<0,
thena <x < b.

1
\
\
\
\
\

Nasx<b/
»X
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Example 5

Find the range of values of x for which 3x* — 4x + 6 < 7x.

Solution
3x° —4x + 6 < 7x (When solving quadratic inequalities, ensure that the RHS of
35 —11x+ 6 <0 the inequality is zero before factorising the expression on the
(Bx-2)(x-3)<0 LHS)

\

\

Wl

| > X
\/3

.. Range of values of x is % sx=<3

Roots of a Quadratic Equation

8. The roots of a quadratic equation ax” + bx + ¢ = 0 are given by x = B P—
9. b’ —4ac is called the discriminant.

10. A quadratic equation has no real roots when b” — 4ac < 0.
Given a quadratic expression ax’ — bx + ¢,

it is found that:
given that b*—4ac < 0and a > 0, ax’ — bx + ¢ > 0 for all real values of x, and

given that b* — 4ac < 0 and a < 0, ax” — bx + ¢ < 0 for all real values of x.
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Example 6

Is the quadratic expression 5x” + 4x + 1 greater than zero for all real values of x?

Solution
Discriminant = 4% — 4(5)(1)
=4

Since b* —4ac < 0 and a > 0, 5x° + 4x + 1 > 0 for all real values of x.

Example 7

Find the range of values of k for which the equation 2x° + 5x — k = 0 has no real
roots.

Solution
2x* +5x—k=0
a=2,b=5,c=—k

For the equation to have no real roots,
b’ —4dac <0
5'—42)(-k) <0
8k < -25
25

< _Z2
k 8
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Conditions for the Intersection of a Line and a

Quadratic Curve

11. Nature Intersection of Intersection of
b’ - 4dac of y=ax’*+bx+c quadratic curve with a
roots with the x-axis straight line
>0 2realand | y=ax’+bx+ccutsthe | Line intersects the curve
distinct x-axis at 2 distinct points | at two distinct points
roots y \ /
x
a>0
y
7‘ny
a<0
=0 2real and | y=ax’ + bx + c touches | Line is a tangent to the
equal the x-axis curve
roots y
_g
a>0
y
3
_ﬁ
a<0
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34

<0

No real
1roots

y=ax’ + bx + ¢ lies
entirely above or entirely
below the x-axis i.e.
curve is always positive
(a > 0) or always negative
(a<0)

Y

Line does not intersect
the curve

P
/\\
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Example 8

Find the range of values of k given that the straight line y = x — k cuts the curve
y = kx” + 9x at two distinct points.

Solution
y=x-k — )
y=k+9x —(2)
Substitute (1) into (2): (Substitute (1) into (2) to obtain a quadratic equation in x.)
x—k=kx’ + 9x
k' +8x+k=0

Since the straight line cuts the curve at two distinct points,

Discriminant > 0
8> — 4(k)(k)> 0
64 —4k*>0  (Remember to invert the inequality sign when dividing
K —-16 <0 by anegative number.)
(k+4)(k-4) <0

.. Range of values of kis 4 < k <4
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Example 9

Find the range of values of m for which the line y = 5 — mx does not intersect the
curve x° +y” = 16.

Solution

y=5-mx —(1)
Y+y'=16 —(2)

Substitute (1) into (2):
X+G-mx)’=16

X+ mx* = 10mx +25=16

(14+m)x* = 10mx+9=0

Since the line does not intersect the curve,
Discriminant < 0
(~10m)* = 4(1 + m*(9) <0
100m” — 36 — 36m> < 0
64m* =36 <0
16m> -9 <0
4m+3)4m-3) <0

\ ’
\ ’

|
<
[

N
~

.. Range of values of m is —% <m< %
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Absolute Valued Functions

12. The absolute value of a function f(x), i.e. |f(x)|, refers to the numerical value of f(x).
f(x) if f(x)=0

13. |f(x)| =

ol —f(x) if fx) < 0

14. [f(x)| = 0 for all values of x.

Example 10

Solve [4x - 3| = 2x.

Solution
|4x—3|=2x
4x-3=2x or 4x-3=-2x
2x=3 6x=3
) 2
X = é orx = l
2 )
Example 11
Solve [2x - 3| = 15.
Solution
|2x - 3| =15
2x-3=15 or 2x-3=-15
2x=18 2x=-12
x=9 x=-6

Sx=9%9o0rx=-6
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Example 12

Solve [2x - 5| = |4 - 4.

Solution

|2x - 5| =4 - x|

2x—-5=4-x or 2x-5=—(4-x)
3x=9 =—4+x
x=3 x=

Sox=3o0rx=1

Example 13

Solve [x* - 3| = 2x.

Solution
[ -3 =2x
X —3=2x or X —3="2x
X¥-2x-3=0 X+2x-3=0
(x-3)(x+1)=0 (x+3)x-1)=0
x=3o0orx=-1 x=-3orx=1

Checking the solutions, x =3 or x = 1. (Substitute your answers into the original
equation to check for any extraneous
solutions.)
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Example 14

Solve |2x2 - 5x| =X.

Solution
|2x2—5x|=x
2 —5x=x or 2% = Sx=—x
28— 6x=0 2% —dx=0
2x(x-3)=0 2x(x-2)=0
x=0o0rx=3 x=0orx=2

Sox=0,x=2o0rx=3

Graphs of y = |f(x)|

15. Method of sketching the graph of y = |f(x)|:
Step 1: Sketch the graph of y = f(x).
Step 2: The part of the graph below the x-axis is reflected in the x-axis.
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Example 15

Sketch the graph of y = 2x.
Hence, sketch the graph of y = |2x|.

Solufion
Sketch the graph y = 2x.

To draw y = |2x|, reflect the part of the graph that lies below the x-axis.

»

y =[2x]
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Example 16

Sketch the graph of y = |2x + 1| for the domain —1 =< x =< 1 and state the

corresponding range.

Solution

Y (It is necessary to find the coordinates of the
critical points.)

T Jy=l|

. Rangeis0 =y =<3
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Example 17

Sketch the graph of y = |x2 —2x - 3| for -2 = x =< 3. State the corresponding range.

Solution

y=|x2—2x—3|

\

X (Note that x* —2x — 3
=(x-3)(x+1).)

- RangeisO0ssy=<>5

16. If a function is defined as y = a|bx + c| +d,
(a) Ifa > 0,itis a V-shaped graph.
If a <0, itis an inverted V-shaped graph.
(b) Ifd>0,y= a|bx + c| is translated up by d units.

Ifd<0,y= a|bx + c| is translated down by |d| units.
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Example 18

Sketch the graph of y = 2|x| - 1.

Solution
Step 1: Sketch the graph y = 2|x].
y
A
1o /y=2
+1
| | | | »
T T T X
2 - © 12
41
42

Step 2: Translate the graph down by 1 unit.

-2 y=|2x|-1

|
N_
|
S
| Q
:\
S
L
o -
\/
=
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LUNIT | Binomial Theorem

Binomial Theorem

1. For a positive integer n,

@+by=a+| " | b+ " |a" B | T a4 "
1 2 r

n! nn-1)...n(n—r+1)
where (n ): n-r) - f

2. Number of terms in the expansion of (a + b)"is n + 1

3. Special case:
Whena=1,

(1+b)' = 1+{"]b+[”}b2+...+(”]b’+...+b"
1 2 r
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Example 1

Find the value of k and of n given that (1 + kx)" = 1 + 48x + 1008x” + ... .

Solution

(I+ko)' =1+ ( ’11 ) (kx) + ( ; ) (kx)*+ ... (Use the expansion of (1 + b)".)

=1+ nkx+

n(n-1)

2

By comparing coefficients,
x: nk=48 (Compare coefficients to obtain a pair of simultaneous

=B (1) equations.)

o n(n— Dk’
X 72

n(n— DI’ =2016

= 1008

Substitute (1) into (2):
2304
n2
2304n — 2304 =2016n
n=_§
k=6

n(n—1) =2016

S k=6,n=8

)
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Example 2

Write down the first 4 terms in the expansion of (1 + 2x)’ in ascending powers of x.
Hence, find the coefficient of x” in the expansion of (1 + 2x + 3x°)(1 + 2x)’.

Solution

(1+2x) =1+ 7 (2x)+ ! (2x)* + ! (2x)’ +... (Use the expansion
1 2 3 ;
of (1 + b))
=1+ 14x + 84x” + 280x" + ...

(14 2x +3x)(1 +2x)" = (1 +2x +3x7)(1 + 14x + 84x" +280x" +...)
e

o+ 280X + 168X + 42x° + ... (There is no need to obtain
o 490X + ... terms other than x°.)

. Coefficient of x° is 490

The notation »n!

4.

5.

nl=nxnm-1)xn-2)x.x3x2x1
Some useful rules:

n

. =1
0
° n =n
1
. n =n(n—l)
2 2!
. n| _ nn-1)(n-2)
3" 3!
° n =1




Example 3

Find the value of n given that, in the expansion of (3 + 2x)", the coefficients of x*
and x” are in the ratio 3 : 4.

Solution

G+20)"=... +(;)3”'2(2x)2+( ’; )3"'3(2x)3 _

= ... +(” )3"2(4x2)+( ’; )3”3(8x3) ¥ ..

2
n n-2
o
TN . 4
n n-3
IR
Hn—ty
3 .3 3
#n—Hn-2) 5 T4
e
n=3_8
Example 4

Find the first 4 terms in the expansion of (1 + 2x)’ in ascending powers of x.
Use your result to estimate the value of 1.02”.

Solution
7_ 7 7 2 7 3
(1+2%) —1+(1](2x)+(2)(2x) +(3)(2x) F ..

=1+ 14x + 84x* + 280X + ...

Let (1 +2x)' =1.027, thenx=0.01.
1.027 =1+ 14(0.01) + 84(0.01)> + 280(0.01)* + ...
=1.148 68
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Example 5

5
Expand (l + %) in ascending powers of x. Hence, deduce the expansion of

@) (1-%), (ii) (1%) +(1-§).

Using your answers in (i) and (ii), find the exact value of 1.05° + 0.95°.

Solution

bR

o (=3}

5 5
(i) (H%) +(1—£) =[1+§x+§x2+§x3+ix4+ix5]

5

2 272 4 16 32
5 5 2 5 3 5 4 1 5
+{1—§x+§x BRI TS —ix]

=2+5°+ %x4

5 5
X x\ 5 5
Let (1+§) +(1—§) =1.05 +0.95".

By inspection,
x=0.1
5 1.05°+095° =2 +5(0.1) + % 0.1
=2.050 0625
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Example 6

Write down the expansion of (1 + p)° in ascending powers of p. Hence, find the
first 3 terms in the expansion of (1 + 2x + 2x%)° in ascending powers of x. Use your
result to find the value of 1.002 002° correct to 6 decimal places.

Solution

6_ 6 6| 2, (6] 3, 6] 4,[6).5,[6].506
ceore (e )

=1+6p+15p°+20p" + 15p* + 6p° + p°
By comparing (1 + p)° with (1 + 2x + 2x%)°,

p=2x+2x
(1420 +23)° =1 +6(2x + 2x%) + 15(2x + 2x%)* + ... (The first 3 terms consist of
=14 12x+ 122° + 60x* + ... the constant, the term in x
=1+ 12x+72x + ... and the term in x°.)
1.002 002 = 1 +2(0.001) + 2(0.001)°

Let x=0.001.

1002 002° = 1 + 12(0.001) + 72(0.001)> + ...
=1.012072 (to 6 d.p.)

General Term

6. The (r + )" term is ( n )a"" .
r
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Example 7

Find the 8" term in the expansion of (3 + x)'* in ascending powers of x.

Solution
(r + )™ term = ( 1r2 ) 32y

8" term = (7 + 1) term

_ ( 172 ) 312-7 7

=792 (3°) x’
=192 456x’

Example 8

In the expansion of (1 + x)" in ascending powers of x, the coefficient of the third
term is 21. Find the value of n.

Solution

n
In the expansion of (1 + x)", the (r + 1) term is ( , Jx’.

, n(n-1)

Hence, in the expansion of (1 + x)", the third term is ( ; )x == x X,

.. The coefficient of the third term is:

n(n-1) _

—5 =21

nn—1)=42
nw-n-42=0

(n+6)(n—-7)=0

n=—6orn="7  (Since nis a positive integer, reject n = —06.)
son=7
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Term Independent of x

7. Term independent of x refers to the constant term.

Example 9

12
Find the term independent of x in the expansion of (x2 + ;) .

Solution

Using 7,,, = | " )a”_'b' (Recall the formula for the general term.)
r

|
|

24 —3r=0 (Term independent of x refers to the constant term, i.e. L)
r=38

.. Term independent of x is ( 182 )x24 3®) = 495

Example 10

Find the term independent of x in the expansion of (2x + 3

Solution
In the expansion of (2x + 3)*, the (r + 1) term is ( 4 ) (2x)* "3
r
For the term independent of x,
4-r=0
r=4

.. Term independent of x is ( j ) 2x)* " *3*=81
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Indices, Surds and
Logarithms

4

Rules of Indices

1. (a) d"xa"=d""" (b) d"+d"=a"""
© @)'=a™ (d) a"=1,provided a #0
1 1
© a"=-7 ® a =¥a
(@ a" =4a" = (JE)“ (h) (@xb)y=d xb"

. a\' a" .
2l == dedb =0
@) (b) W , provided b #

Example 1

3
Simplify 817 x 2° + 6°.

Solution
3 3
812x2°+6"=(3*)2x2°+ 6
=3%20+¢6
=(3x2)°+6
=6
=216

UNIT 4



Example 2

Simplify each of the following.

25x5""?
i) 3"x15"+5" i) ————
( ) ( ) 5n _ 5n—1

Solution

() 3"x15"+5"=3"x3"x5"+5" (Recall that (¢ x b)'=d" x b")
- 35n X 52n

25x5"%  5°x5"?
51 _gn-1 _Sn—l(s_l)
f— 5"
_4(5;171)
5

!

(5" is a common factor in the denominator.)

(i)

Definition of a Surd
2. Asurd is an irrational root of a real number, e.g. 2 and +/3.

Operations on Surds

3. (@ Jax+a=a () Vax+/b=+Jab
(c) %=\/% (d)  ma +nJa =(m+n)a

() ma-nJa=(m-n}Wa

Example 3

Simplify v/8 = /2.

Solution

NN
=J4
=2
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Example 4

Given that (a + \/5) (3 + bx/f) =8 + 5+/2, find the possible values of a and of b.

Solution
(a+2)(3+bv2) = 3a+aby2 + 342 + 2b
=3a+2b+(ab+3)2
By comparing,
3a+2b=8 — (1) (Equate the rational terms and the irrational terms to obtain
ab+3=5 —(2) 2equations.)

From (2),
ab=2
b= 2_ 3)
a

Substitute (3) into (1):

3a+2(2)=8
a

3 -8a+4=0

(Ba-2)(a-2)=0

_2

4=73

b=3

,b=3o0ora=2,b=1

1
—_ N

W
S Q
11

Conjugate Surds
4.  a<m +b[n and am — b/n are conjugate surds.
5. (a«/% + b\/;) (a\/z - b\/;) = a’m — b*n, which is a rational number.

6. The product of a pair of conjugate surds is always a rational number.
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Example 5

simplify (v3+3v2)(v3-342).

Solution

(V3 +3V2)(V3 - 32) = (V3) - 9(2)

=3-9(2)
=15

Rationalising the Denominator

7. To rationalise the denominator of a surd is to make the denominator a rational

number.
w VB _Jb Va
Ja Ja a
=JE
) 11 XJE—JE
Ja+b a+b a-b
a-+b
~ a->b
Example 6
32 +2

Rationalise the d inator of .
ationalise the denominator o 3243

Solution
3W2+2  3W2+2  3J2-3

3WV2+3 34243 32-3
(3v2)(3v2)+ 682 -942 -6

B2y -5
_12-32
)

a3
- 3
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Example 7

The sides of rectangle ABCD are (3 + J§) cm and (5 - i) cm in length.

V2

Express, in the form of a + bx/f , where a and b are integers,
(i) the area of the rectangle in cm’,
(ii) the area of a square in cm’, given that AC is one of its sides.

A B

o

b (3+\/§)cm ¢

Solution
(i) Area of rectangle ABCD = (3 + \/§>( - %)
=15- ﬁ +58 —44/4 ;Ratlonallt%e thfe - )
enominator of — .
= 15-% ( \/_) V2
= (7 + 4\/_) 2)em’

(ii) Area of square = AC”

2
= (3 + «/g)z + (5 - %) (Apply Pythagoras’ Theorem.)

40
=9+6/8+8+25- "= +8
V2

=50+12v2 - 2042
= (50 — 8\/5) cm?
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Common Logarithms and Natural Logarithms

8. log,, is called the common logarithm and it is represented by Ig.

9. log, is called the natural logarithm and it is represented by In.

Laws of Logarithms

10. (a) log,x +log,y=1log, xy (b) log,x-log,y= logag
(¢) log,x =rlog,x

More Formulae on Logarithms

11. (a)
(b)
(c)
(d)
(e)

log. b
log, b = Tog, @

log,1=0

(Change of Base Formula)

log,a=1
a* =y (For log,y to be a real number, y > 0)

log,a" =x

Example 8

Simplify log; 81 —logs 125 + log 5 8.

Solution

log, 8

log, 81 —log; 125 + log 7 8 =log; 3* ~log; 5" + log, N2

=4log;3-3logs 5+ T

=4-3+6
=7
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Solving Exponential Equations

12. Givena'=b,
e If b can be expressed as a power of a,e.g.b=a’,thena' =a’ = x=y.
e If b cannot be expressed as a power of a,

Igb
e take common logarithms on both sides,i.e. xlga=1gb=x= lg_a ,or

e take natural logarithms on both sidesifa=e,ie.xIne=Inb=x=1Inb

Example @

Solve the exponential equation 9 = 3"

Solution
9=3"
32= 34x
2=4x

_1
r=2

Example 10

Solve the equation 3¢’ — 5 =2¢™.

Solution
3¢’ -5=2e"
3e-5-2 =0
ey
3(e')’—-5¢'—2=0 (Multiply bye’)
Letw=¢"
3 —5w-2=0
BGw+1H)(w-2)=0
w= —% or w=2
e = —% e’=2 (Note thate’>0.)
(no solution) y=In2

=0.693 (to 3 s.f.)
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13. Given p(a™) + g(a") +r=0,
Step 1: Substitute u = a* to get a quadratic equation pu’ + qu + r = 0.
Step 2: Solve for u# and deduce the value(s) of x.

Example 11
Solve the exponential equation 2**' = 6(2%) — 4.

Solution

22>c+l — 6(2X) _4
2)'(2)=6(2") -4
Let2'=y.

2y’ =6y —4

2y~ 6y +4=0

Y =3y+2=0
(-2)y-1)=0
y=2 or y=1
2,"(:21 2x=20
x=1 x=0

Example 12

Without using a calculator, solve the equation 9*— 2—38(3") +3=0.

Solution
9* —2—38(3)‘)+ 3=0
39 -28(3)+9=0
3(3"°—28(3") +9=0 (Ensure that the exponential terms have the same base.)

Lety=3"
3y"-28y+9=0
QBy-1)(y—-9) =0 (Factorise the quadratic expression.)

y=§ or y=9
x_l X
3_3 3 =
x=-1 or x=2
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Solving Logarithmic Equations

14. To solve logarithmic equations,

Step 1: Change the bases of the logarithmic functions to the same base.
We usually choose the smaller as the final base.

Step 2: Use one of the following methods to solve the equations.
(a) Iflog, x =log,y,then x =y and vice versa.
(b) Iflog, x=b,thenx=a’.
(¢) Use the laws of logarithms to combine the terms into the forms

described in method (a) or (b).

Example 13

Solve the equation log, 32x —log, (2x* + x — 54) = 3 log, 2.

Solution
log, 32x —log, (2x° + x — 54) =3 log, 2
32x 3
log,—2=%  =1log,2
S x4 ¢
! 32x -3
2x“+x-54

32x = 16x* + 8x — 432
16x* —24x—432=0
2 —3x-54=0
2x+9)(x-6)=0

x= —% (rejected) or x =6 (Substitute your answers
into the original equation
to check if any solution
needs to be rejected.)




Example 14

Solve the equation log; (x +2) = 5.

Solution

log;(x+2)=5
x+2=3
x =241

Example 15

(a) Solve the equation Ig (6x +4) —1g (x—6) = 1.
(b) Find the value of x given that e" ° = 10.

Solution
(@) lg@Gx+4)-lg(x-6)=1
6x+4
le x—-6 !
6xx_+64 =10 (Change to the exponential form.)
6x+4=10x-60
dx =64
x=16
(b) e =10
x—e=In10 (Use In instead of Ig because Ine =1.)
x=e+In10

=5.02 (to 3 s.f.)

Indices, Surds and Logarithms



Example 16

Solve the simultaneous equations

ex/e7=e2y ,

log, (x+2)=1+1log, y.

Solution

eer =e? — (1)

log, x+2)=1+1log,y — (2)

From (1),
ele% =e”
e1+ % _ ezy
1+ 5=2
x=4y-2 — (3)
From (2),
log, (x+2)
—==— _“=1+log,y (Apply the Change of Base Formula.)
log, 4
log, x+2)=2+2log,y (Rearrange the logarithmic terms to one
log, (x +2) —log, y" =2 side of the equation.)
x+2
log, —— =2
y
x+2
oo

x=4y"-2 — (&)
Substitute (3) into (4):

4y —2=4y" -2
4y —4y=0
4y(y-1)=0
y=0 or y=1 (Substitute your answers into the original
x=-2(rejected) x=2 equations to check if any solutions need to be
sLx=2,y=1 rejected.)

UNIT 4



Example 17

At the beginning of 1980, the number of mice in a colony was estimated at 50 000.

The number increased so that, after n years, the number would be 50 000 x ¢”**".

Estimate

(i) the population of the mice, correct to the nearest thousand, at the beginning of
the year 2000;

(i) the year during which the population would first exceed 100 000.

Solution

(i) At the beginning of year 2000, n = 20.
.. Population of the mice = 50 000 x e
= 136 000 (to the nearest thousand)

0.05(20)

(i) Let 50 000 x " = 100 000

e0A05rz — 2
005n=1n2
n=13.86

.. The population will exceed 100 000 in the year 1993.

Graphs of Exponential Functions
15. Graphsofy=a"

y y
y=a",where a> 1 y=a',where0<a<1
___—h R I i
0 0

The graph of y = a* must pass through the point (0, 1) because @’ = 1.

Indices, Surds and Logarithms




Graphs of Logarithmic Functions

16. Graphs of y =log, x

y y
A A
y=log, x,
where a > 1
>x >x
0 1 0 1
y=log, x,
where 0 < a <1
Example 18
Sketch the graph of each of the following functions.
(@ y=e¢ '+1 (b) y=2e'"*
() y=In(2x-3) (d) y=In(5-3x)
Solution
(a) y
A
y=e¢"'+1
L +1
.—/e—
----------------------------------------- y= 1
> X
o

UNIT 4



2¢e

y= 2el—3x

> X

(b)

In 2x-3)
X

y:

(@)

Indices, Surds and Logarithms




Example 19

Sketch the graph of y = ¢**'. By drawing a suitable straight line on the same graph,
find the number of solutions of the equation x + 1 =1n (5§ — 2x).

Solution

x+1=In(5-2x)
e =5-2x
Draw y =5 —2x.

> X

.. There is 1 solution.




LJNIT | Coordinate Geometry

»
>

B B(x,,y,)

A(x,y) 7

0]

Distance between 2 Points
1. Length of AB= J(x2 —x)+ -y

Midpoint of 2 Points

+ +
2. Midpoint of AB = (% %)

Gradient of Line and Collinear Points

3. Gradient of AB,m = T NV tan 0
=X XN—X

Coordinate Geometry



(line slopes upwards)

m>0
ie.0°<0<90°

m<0
i.e.90° < 6 < 180°
(line slopes downwards)

y y
(%

0 .
ol - ol -
m=0 m is undefined

ie.60=0° ie. 6 =90°

(horizontal line)

y
A

(vertical line)

y

ol 1

5. If A(x;,y)), B(x,, y,) and C(x;, y;) are collinear, then gradient of AB = gradient of
BC = gradient of AC and area of AABC = 0.

Parallel and Perpendicular Lines

6. Given that two lines /, and /, have gradients m, and m, respectively,
e [ is parallel to [, if m, = m,;
e [, is perpendicular to [, if mm, =—1.

7. The perpendicular bisector of a line AB is defined as a line passing through the

midpoint of AB, cutting it into two equal halves and it is also perpendicular to AB.

Perpendicular bisector




Equation of a Straight Line
8. Gradient form: y = mx + ¢, where m is the gradient and c is the y-intercept

X . .
9. Intercept form: PR S 1, where a and b are the intercepts the line makes on the

b
x-axis and y-axis respectively

10. General form: Ax + By + C =0, where A, B and C are constants

Example 1

Find the equation of the perpendicular bisector of AB, where A is (3, 10) and B is
(7,2).

Solution
Midpoint of AB = (3 -‘2- ! , 10+ 2) (The perpendicular bisector of AB passes
through the midpoint of AB.)
=(5,6)
Gradi f AB = 19-2
radient o =37

Gradient of perpendicular bisector = % (mm, =-1)

Equation of perpendicular bisector:
y—6= % (x=35) (Tousey—y, =m(x—ux), we require the gradient and the

1 7 coordinates of a point on the line.)
y= E.X + 5

Coordinate Geometry E



Example 2

A line segment joins P(5,7) and Q(x, y). The midpoint of the line segment is (4, 2).
Find the coordinates of Q and the equation of the perpendicular bisector of PQ.

Solution
S+x T+y|_
( S ) =(4.2)
S5+x T+y
> = 4 7= 2
5+x=8 T+y=4
x=3 y=-3
- 03,-3)
: 7-(=3)
Gradient of PQ = 5_3
=5 !
Gradient of perpendicular bisector = — 3
Equation of perpendicular bisector:
y-2__1
x-4 5
S5y-10=—x+4
141,
5 5
Collinear Points
11.
C
B

A

From the diagram, three points A, B and C lie on the same line. We can say
that they are collinear.

To show that the points are collinear, determine 2 of the 3 gradients of the line
segments AB, AC and BC. The gradients must be equal, i.e. m,; = m,,

Myc = Mpc OF Myp= Mpc.

UNIT 5



Area of Polygons
12. If A(x,, y,), B(x,,¥,), C(x3,y5), ... , and N(x,, y,) form a polygon, then

X Xy X3 .. X, X

Y2 Y3 oo Yoo N

Area of polygon = %

1
=3 (02 + X0Y3 + oo+ XY = XY — XYy — e = XpY,)
13. If A(x,,y,), B(x,, y,) and C(x;, y;) form a triangle ABC, then
X Xy X3 X

M Y2 Y3 N

Area of AABC = %

14. Vertices must be taken in a cyclic and anticlockwise order.

Example 3

Find the area of a triangle with coordinates A(20,-1), B(30,0) and C(10,5).

y
A
(10, 5) (Use a diagram to visualise the relative
: positions of the vertices of the triangle.)
\ B(30.0)
0 > x
A20,-1)
Solution
30 10 20 30
Area of triangle ABC = )
0 5 -1 0

= %|(150 —10) — (100 — 30)

1
=3 (140 — 70)|

=35 units’

Coordinate Geometry



Example 4

A triangle has vertices A(4,0), B(10, 4) and C(9, 0). Given that ABCD is a
parallelogram, find

(i) the coordinates of the point D,

(ii) the area of the parallelogram ABCD.

Solution

(Use a sketch to help you
visualise the position of D.)

(i) Let the coordinates of D be (x, y).
Midpoint of BD = Midpoint of AC (The diagonals of a parallelogram

(10 +x 4+ y) (4 +9 0+ 0) bisect each other.)

2 72 272
10+x _4+9 4+y 0+0
2 T 22 72
x=3 y=-4

~.D@3,-4)

(ii) Area of parallelogram ABCD  (Remember to take the vertices in a

cyclic and anticlockwise order.)
14 39 10 4

20240 4 o0
=%(—16+36+36—16)

=20 units’

UNIT 5



Example 5

A(-1,-1),B(-2,2) and C(2, 1) are three vertices of a parallelogram ABCD.
Find the midpoint of AC. Hence, find the coordinates of D.

Solution
Let the coordinates of D be (h, k).

B(_z’ 2) V

o~

>

(Use a sketch to help you
visualise the position of D.)

A1, -1

S -1+2 -1+1
Midpoint of AC = (T’ T)

Midpoint of AC = Midpoint of BD

SRy
2 72 2’
2+h_12+k
2 27 2

h=3 k=-2
- D(3,-2)

Coordinate Geometry



Ratio Theorem

15.

Internal point of division

External point of division

Let the point P divide the line AB
internally in the ratio m : n, then P is

the point (nxl tmx, myt myz) .

m+n m+n

'

"B (x,,y,)

2p

A (x5 1)

Let the point Q divide the line AB
externally in the ratio m : n, then Q is

the point |2 — "X MY, — 1Yy | |
m-—n m-—n
A
0 =

UNIT 5




Example 6

A(=2,4)

P(0,2)

The diagram shows a triangle ABC in which A is the point (-2, 4). The side AB
cuts the y-axis at P(0, 2). The point Q(4, 1) lies on BC and the line AQ is

perpendicular to BC. Find
(i) the equation of BC,
(ii) the coordinates of B.

Given further that Q divides BC internally in the ratio 1 : 3, find

(iii) the coordinates of C,
(iv) the area of triangle ABC.

Solution
(i) Gradient of AQ = Aol
ent o =5
__1
)

Gradient of BC =2

Equation of BC: y— 1 =2(x—4)
y=2x-7 —(1)

(To use y —y, = m(x — x,), we require
the gradient and the coordinates of a
point on the line.)

Coordinate Geometry



i) Gradient of AB = =~
(ii) Gradient o =50

=-1

Equation of AB: y=—x+2 —(2) (We canusey = mx + ¢ because we know
that the y-intercept is 2.)

Solving (1) and (2), (Since B lies on AB and BC, we solve the equations of

x=3 these 2 lines simultaneously.)
y=-1
- B@3,-1)
(iii) C(x,y) (Use a sketch to help you visualise the
position of C.)
3
1704, 1)

B(@3,-1)

Let the coordinates of C be (x, y).
Using Ratio Theorem,

33)+ 1(x) 3D +1(y)) _
( 3+1 7 3+1 )_(4’1)

9+x _ y-3_
bl
x=7 y=7
= C(,7)

(iv) Area of AABC

-2 3 7 -2 (Remember to take the vertices in a cyclic

N —

4 -1 7 4 and anticlockwise order.)

1
=§(2+21+28—12+7+14)

= 30 units’

UNIT 5



(UNIT | Further Coordinate
Geometry

6

Equation of a Circle

1. Standard form
(x-a)+@-b’=r
where (a, b) is the centre and r is the radius

2.  General form
XAy +28x+2fy+¢c=0
where (—g, —f) is the centre and y/g” + f* — ¢ is the radius

Example 1

Find the equation of the circle with centre (1, 2) and radius of 8.

Solution
Equation of circle:
-1 +@y-2"=8
x-17+(y-2 =064

Further Coordinate Geometry



Example 2

A circle has centre (-1, 1) and passes through (2, 5).
(i) Find the equation of the circle.
(i) Determine if (3, 3) lies on the circumference of the circle.

Solution

(i) Radius, r= ,/(2 +1)+(5- (To find the equation of the circle, we need

the radius and the coordinates of the centre.)
. Equation of circle is (x + 1)’ + (y — 1)’ =25
X +2+1+y —2y+1=25
X+y +2x-2y-23=0

(i) Substitute x=3,y=31into (x+ 1) + (y - 1)’
BG+1)+3-17°=20

*. (3, 3) does not lie on the circle. (In fact, (3, 3) lies inside the circle.)

Example 3

A circle has the equation x* + y* — 10x + 6y + 9 = 0.
Find the coordinates of the centre and radius of the circle.

Solution

X¥+y —10x+6y+9=0
(x=57-25+(+3’-9+9=0
(x=57+@+3)1=5

Coordinates of centre = (5, -3), radius = 5

UNIT 6



Example 4

Find the coordinates of the centre and the radius of a circle with the equation

X +y —2x—4y+5=064.

Solution

Xy —2x—4y+5=064
X +y —2x—4y-59=0

Comparing this with x* + y* + 2gx + 2fy + ¢ =0

2¢=-2 2f =4
g=-1 f=-2
Centre of circle (—g,—f) = (1,2)

Radius of circle = ,/g2 +fi-c
= JDP + (27 + 59

=38

c=-59

Example 5

Find the radius and the coordinates of the centre of the circle

2X° 42y =3x+4y+1=0.

Solution
2 +2y" = 3x+4y+1=0
Y+y - %x+2y+ % =0

2
3" 9 . 1
(x——) —E'F(y'i'l) —1+5—0

4
3\ 2
( _Z) +(y+l) E

. V17 .
.. Radius = ——, coordinates of centre =

4

-

Further Coordinate Geometry



Example 6

Show that the line 4y = x — 3 touches the circle x* +y* —4x — 8y + 3 =0.
Hence, find the coordinates of the point of contact.

Solution

dy=x-3 — (1)
X+y —4x—8y+3=0 — (2

From (1),
-3
y="0 -0

Substitute (3) into (2):

2
e (xf) —4x—8(x;3)+3=0
2
X+ )6_1676)“-9 —4x-2x+6+3=0
1687+ —6x+9—64x —32x +96 + 48 =0
17— 102x + 153 =0

X —6x+9=0

Discriminant = (—6)” — 4(1)(9)
=0

.. The line is a tangent to the circle.

Solving X’ —6x+9 =0,
(x=3)7=0

x=3

y=0

.. Point of contact is (3, 0)




Further Graphs

3.  Graphs of the form y* = kx, where k is a real number
(@ k>0 (b) k<0

L]
<

YV =ke, k>0 Y =k, k<0

~—

4. Graphs of y = ax”

(a) nisevenanda >0 (b) nisevenanda <0
eg.y=3x eg.y=-3x
y y
A A
72 > X
X
(@]
(¢) nisoddanda >0 (d) nisoddanda <0
eg.y=2x eg.y=-2x
y y
A A
o » X 0 »>x

Further Coordinate Geometry




5. Graphsof y=ax™"

(a) nisevenanda >0 (b) nisevenanda <0
eg.y=3x" eg.y=-3x"
y y
A A
5 > X 0 >x
(¢) nisoddanda >0 (d) nisoddanda <0
eg.y=3x" eg.y=-3x"
y y
A A
) > X 0 > X

UNIT 6



1
6. Graphs of y = ax”"

(a) nisevenanda >0 (b) nisevenanda <0
1 1
eg.y=4x° eg.y=—4x°
y y
A A
5 > X 2 > X
(¢) nisoddanda >0 (d) nisoddanda <0
1 1
e.g.y=3x7 eg.y=-3x7
y y
A A
» X »>X
(@] (0]

Further Coordinate Geometry



7.

1

Graphs of y =ax "
(@) nisevenanda >0

1

eg.y=4x 10

N

y
A

(¢) nisoddanda >0

_1
eg.y=05x"7

- X

(b) nisevenanda <0
1

eg.y=—4x1

y
A

T

(d) nisoddanda <0

1
eg.y=-05x"7

7

UNIT 6



Linear Law

(not included for NA)

The Linear Law
1.

»

gradient =m

P

o
If the variables x and y are related by the equation y = mx + ¢, then a graph of the
values of y plotted against their respective values of x is a straight line graph.
The straight line has a gradient m and it cuts the vertical axis at the point (0, c).
2. Linear Law is used to reduce non-linear functions to the linear form y = mx + c.

3. To reduce confusion, we sometimes denote the horizontal axis as X and the vertical
axisas Y,ie.Y=mX + c.

Linear Law



4. Some of the common functions and their corresponding X and Y are shown in the

table.

Function X Y
1. y=ax"+b X' y

1
2 y= W + b xn y
n " 1
3. —=ax"+b X —
y

S. y=ax/;+i ieyvx =ax +b X y\/;
Jx
6. xy=%+bx ie.xX’y=bx"+a x Xy
1
or y=%+b — y
X X
7. x=bxy+ay ie. X=bx+a X X
Y y
or l=—+b 1 1
y b y
a b 1 (a)l n 1 1
8. —+==n ie. —=|-=|=+— - -
Xy y blx b X y
_ ey (@)Y, D y
+bx= e y=|=|=+= =
or ay + bx = nxy ie.y (n)x+n < y
-n
9. y=ax’+bx+n ie. 2 =ax+b X yx




Function X Y
10. y=a’x" + 2abx + b’ ie. y =ax+b X «/;
or fy =-ax-b x NG
1 b
11. y= a ie. -=—Xx—— X 1
x->b y a a y
12. y=ax’ ie. lgy=blgx+lga Ig x lgy
or Iny=blnx+Ina In x Iny
13.y=ax"+n ie. lg(y-n)=blgx+lga Ig x lg(y—n)
14.y=ab" ie. lgy=xlgb+lga X Igy
15. y’:% ie. 1gy:x(%)—lg?“ x lgy
16. ya' =b+n ie.lgy=(lgax+1g (b +n) X Igy
b 2x+a . 2 a
17.y" =10 ie. lgy=>x+— X lgy
b” b
18.y =" ie. Iny= 2,48 x Iny
. L. 55 %

Linear Law



Example 1

The variables x and y are related in such a way that when y — 3x is plotted against
x°, a straight line passing through (2, 1) and (5, 7) is obtained. Find

(i) yinterms of x,

(ii) the values of x when y = 62.

Solution
With reference to the sketch graph and using Y to represent y — 3x and X to represent X,
. . .. Y—-1 7-1
the equation of the straight line is X_2-5.3"
ie.Y-1=2(X-2) y—3x
Y=2X-3 4
@) y—3x=2x2—3
y=2x"+3x-3 7
(ii) When y =062,
2 +3x-3=62
2 +3x-65=0
x-5Q2x+13)=0
x=5o0rx=- 13
- - 2 (2’ 1) 5
> X
0O

UNIT 7



Example 2

It is known that x and y are related by the formula xy = a + bx, where a and b are

constants.

X

2

4

6

8

10

y

38

21.3

15.8

13.1

11.5

Express this equation in a form suitable for drawing a straight line graph. Draw this

graph for the given data and use it to estimate the value of a and of b.

Solution

Since xy = a + bx,

a
== +b.
Y=< b

o1 . . .
Plot y against o gradient = a, vertical-axis intercept = b.

X 2 4 6 8 10
y 38 213 15.8 13.1 11.5
% 0.50 0.25 0.17 0.13 0.10

Linear Law E



U

From the graph, vertical-axis intercept = 4.8

. . 38-10
Using (0.08, 10) and (0.5, 38), gradient = 05-00%
=60.7 (to 3 s.f.)

L.a=6067,b=438

UNIT 7




Example 3

The volume (V) of a container and the height of the container (x) are connected by
an equation of the form V = hk", where h and k are constants.

x 1 2 3 4 5
v 12.6 25.1 50.1 90.0 199.5

(a) Express V = hk" in a form suitable for drawing a straight line graph.
(b) Plot this straight line graph and use it to estimate the value of /# and of k.

Solution
(a) V= hk'
lgV=(gkx+I1gh
Y=mX+c

Gradient = 1g k
Y-intercept =1g h

Linear Law



(b)

x 1 2 3 4 5
| % 12.6 25.1 50.1 90.0 199.5
IgV 1.10 1.40 1.70 1.95 2.30
gV
A
3
8 h)
)
0
5 T >
From the graph,
vertical-axis intercept = 0.8
Igh=0.8

h=6231(to3sf)

Using (0,0.8) and (4.4,2.1),
21-08
44-0
=0.295 (to 3 s.f)
Ig k=0.295
k=197 (to 3 s.f.)

gradient =

UNIT 7




IUNIT | Trigonometric Functions
and Equations

Basic Trigonometric Ratios

1.
A
90° -6
h
y
0 [] -
[9) X o
1 h
o sinO:% J cosec@:sin6=§
X L _h
o cosc9=ﬁ J sect9=cose—x
. =Y . 1 _x
tanH—x cot@-tane 3
Complementary Angles
2. ¢ sin(90°-6)=cos O e ¢o0s(90°- 0) =sin O
e tan (90°- 60) =cot O e cot(90°-6)=tan O
e sec (90°- 6) = cosec 0 e cosec (90° —6) =sec O

Trigonometric Functions and Equations



Basic Angle (or Reference Angle)

3. The basic angle, a, is the acute angle between a rotating radius about the origin and
the x-axis.

y

/ﬂ\

° sin (—6) = —sin 0
4 cos (—0) =cos 0

. tan (—6) = —tan 0

Signs of Trigonometric Ratios in the Four Quadrants

4.
A

Sine positive All positive

x=180°-a x=a
a a >
a

x=180°+«a x=360°-«a

Tangent positive Cosine positive

UNIT 8



Example 1

Given that cos 6 = —% and that 180° < 6 < 270°, find the value of sin 6 and
tan 6.

Solution

»

N

6 lies in the 3" quadrant.

(-4’ +a' =5
a’=25-16
=9
a=-3 (Since a lies in the negative y-axis,a < 0.)
sin 0 = —%
3
tan 0 = 1

Trigonometric Functions and Equations



Example 2

Given that sec a = % and that a is an acute angle, find the value of each of the

following.

(i) sina

(i) tan (90° — )
(iii) cos (180° — a)

Solution
17 . 15 ) _

sec o = 5 1.e.Cos a4 = 7 (Recall that sec x = cos x )

y

A

17500 o (Use Pythagoras’ Theorem to find the length
8 of the side opposite a.)
@ > X
15 -

o 8

(i) sina= 17

(i) tan (90° —a) = %

(iii) cos (180° —a) =—cos a
__15
17




Example 3

Given that 270° < 3 < 360° and sin 3 = —% , find the value of each of the
following without using a calculator.

(i) cosp
(i) tanf
Solution
B lies in the 4" quadrant.
y
¥+a =5 4
a=25-16
=9
a=3 (Since a lies in the
positive x-axis, a > 0.) ﬁf\ a -
3 N L
(i) cosf= 3 5
(i) tan 3 = —%

Trigonometric Functions and Equations



Trigonometric Ratios of Special Angles

5.
cos 0 tan 0
1 0
V3 V3
2 3
V2 |
2
1 V3
2
0 Undefined
-1 0
0 Undefined
1 0

H UNIT 8



Example 4

Find all the angles between 0° and 360° inclusive which satisfy each of the following

equations.
(i) Ssinx—6sinxcosx=0
(i) 1+2 sin (% + 15°) =0

Solution

(@ 5sin®x—6sinxcosx=0 (Do not make the mistake of dividing throughout
sinx (5 sinx—6cosx) =0 by sin x, as you will then be short of answers.)

S5sinx—6cosx=0 sinx=0
5sinx=6cos x x=0°,180°, 360°
tan x = 6 (Recall that tan x = S x )
5 COS X

a =50.19° (to 2 d.p.)
x=50.2°,230.2° (to 1 d.p.)

- x =0°,50.2°, 180°, 230.2°, 360°
(i) 1+2 sin (% + 15°) =0

. (3y oy _ 1
sm(7+15)——2
a =30°

3 +15°=210°, 330° (The required angles are in the 3 and

2 4™ quadrants.)

3y _ oo o
5 =195°, 315

- y=130°,210°

Trigonometric Functions and Equations




Graphs of Trigonometric Functions

6. y=asinbx
e amplitude =a

o

b

e period =

7. y=acosbx

e amplitude = a Y
o
e period = b a- y = acos bx
} > X
360°
b
8. y=atanbx
. eriod = 180° gl | |
p T b i y = a tan bx i
| |
| |
| |
| |
| |
| |
! ! g
T H T
0 190 180° ! 270° / 360°

175 b - b
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |

9. To sketch the graphs of y=a sin bx + cory=acos bx+cory=atan bx +c:
Step 1: Draw the graph of y = a sin bx or y = a cos bx or y = a tan bx.
Step 2: If ¢ > 0, shift the graph up by c units.

If ¢ < 0, shift the graph down by || units.
UNIT 8



Example 5

Sketch the graph of y = 3 sin 2x — 1 in the domain 0° < x < 180°.

Solution

First, sketch y = 3 sin 2x.
It has an amplitude of 3 and period of 180°.

y=3sin2x-1

Trigonometric Functions and Equations




Example 6

Sketch the graph of y = tan x| + 1 for 0° < x < 360°.

Solution

First, sketch y = |tan x|.

y | |
A : :
E E y= |tan xl
| | >
0 | > | B X
90° 180°  270° /360°
Next, shift the graph up by 1 unit.
y 1 1
4 : :
E | y= |tan x| +1
14 i i
i i
0 T I T I > X
90°  180° 270° 360°
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Example 7

Sketch on the same diagram, for 0 < x < 2, the graphs of

(i) y=1+4sinx,

(i) y=2cosx.

Hence, deduce the number of roots of the equation 2 cos x = 1 + 4 sin x for
0=<x=<2m

Solution
y
A
5T (To draw y = 1 + 4 sin x, we first draw y = 4 sin x, before
translating it by 1 unit upwards.)
2 y=2cosx
i /
0 iy o o
2
27 y=1+4sinx
31

From the graph, there are 2 roots.  (The question is asking for the number of
intersection points between the graphs.)

Fundamental Identities

10.

11.

12.

13.

14.

sin cos

tan ¢ 1 ) cot

sec cosec
sin @
cos 0

tan 0 =

cos 6
sin 6
1
cos 0

cot 0=

sec O =

1
cosec 0 = S0
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UNIT | Trigonometric Identities
and Formulae

Fundamental Identities
sinA+cos’A=1
tanA+ 1 =sec’ A

3. cot? A+ 1=cosec’ A

Example 1

1+sinx
Prove that —— — =tan x + cot x + sec x.
sin x cos x

Solution

RHS = tan x + cot x + sec x

sinx Ccosx 1
+—+

cosx sinx cosx

-2 2 .
sin” x + cos” x + sinx . P P
= - (Use the identity sin” x + cos” x = 1.)
sin x cos x

L+si
= ﬂ = LHS (proven)
sin x cos x
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Example 2

1 1 _ 2
Show that T3 cos + T"cost - 2 cosec” 0.

Solution

1 N 1
1+cos@ 1-cosé
1—cos@+1+cosf

1-cos® 6

LHS =

—5— (Use the identity sin’ @ + cos’ 6 = 1.)
sin” 0

1
=2 cosec” @ = RHS (proven) (Recall that cosec 6 = powD)

Example 3

Prove that sec* 6 — sec’ 0 = tan® 0 + tan® 6.

Solution

LHS =sec’ § —sec’ 6

sec” 0 (sec’ 0 —1)

(1 + tan’@)(tan> ) (Use the identity tan’ @ + 1 = sec’ 6.)
=tan’ 6 + tan’ 6 = RHS (proven)
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Example 4

Find all the angles between 0° and 360° inclusive which satisfy the equation
3tan’y +5=7secy.

Solution

3tan’ y+5="7secy
3(sec’y—1)+5=7secy (Usetan’y+ 1 =sec’y to obtaina

3sec’y—Tsecy+2=0 quadratic equation in sec y.)
(Bsecy—1I)secy—-2)=0
3secy—1=0 or secy—-2=0
1
secy =3 secy=2
. 1
cos y = 3 (no solution) cosy= 5
a =60°
.~y =60°,300°

Compound Angle Formulae
4. sin (A+B)=sinAcos B=+cos AsinB

5. cos(A+B)=cosAcosBFsinAsinB

tan A = tan B

6. tanA£B)= o T B

UNIT 9



Example 5

Find all the angles between 0° and 360° which satisfy the equation
5 sin (x + 60°) = cos (x — 30°).

Solution

5 sin (x + 60°) = cos (x — 30°)
5[sin x cos 60° + cos x sin 60°] = cos x cos 30° + sin x sin 30°
1. V3 3 1.
5[§sm X+ TCOS)C:| =5 CoS X + Esm X

5 sin x + 54/3 cos x =+/3 cos x + sin x

4 sin x = —-4/3 cos x .
sin x

tan x = —/3 (Recall that tan x = cos x
a = 60°

- x=120°,300° (x lies in the 2" and 4" quadrants.)

Special Identities

7. sin (6 + 2nmw) = sin 6, where 7 is an integer
8. cos (0 + 2nm) = cos O, where n is an integer
9. tan (0 + 2nm) = tan O, where n is an integer
10. sin (90° + ) = cos 6

11. cos (90° + 0) = Fsin 6

12. tan (90° = ) =Fcot O

13. sin (180° + 6) =Fsin 0

14. cos (180° + 0) =—cos 6

15. tan (180° = 6) = = tan 6
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Double Angle Formulae

16. sin2A=2sinAcos A

17. cos 2A = cos® A —sin® A
=2cos’A -1
=1-2sin"A

18. tn24= 210A
l-tan" A

Example 6

Given that tan 6 = —% and 270° < 6 < 360°, find the value of
(i) cos(-0),

(i) cos (90° -6),

(iii) sin (180° + ),

(iv) sin 26.
Solution
(i) cos(-60)=cos O
3 y
=3 A
(i) cos (90° — 0) =sin O
__4 91N\ 3 .
5 Q g
(iii) sin (180° + 6) = —sin 6 -4
4 5
]

(iv) sin 20 = 2 sin 6 cos 0

=T

24
25

UNIT 9



Example 7

Given that cos 2x = % and 270° < 2x < 360°, find the value of

(i) cosux,
(ii) sin x.

Solution
(i) Since 270° =< 2x =< 360°, then 135° < x < 180°.
-, x lies in the 2" quadrant.

127
cos 2x = 162
1
2cos x—1= 6
289
2 —_— —
2cos" x= 162
. _ 289
cos x = 357
_ [
COS X =+ 37
17
=+ —
1
. COS X = —% (cos x < 0 since x lies in the 2™ quadrant.)
(ii)
y
A
18
35
X
o\,
-17
.35
sinx = —o=
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Half Angle Formulae

Replace A with % in the Double Angle Formulae.

. . A
19. smA—ZSln? cos 5
2 A LA
20. cos A =cos 5 sin )

=200$2%—1

.2 A
— — 2 p—
=1-2sin 5
2tané
21. tan A= -2

A
2
1 - tan 5

R-Formulae
22. asin@+bcosf=Rsin (0 + a)
23. asin@ —bcos @=Rsin (0 —a)

whereR:w/az+b2 and tan o = b
24. acosO+bsinO=Rcos(0—-a) a
25. acosO—-bsinO@=Rcos (0+a)

26. For the expression a sin 8 = b cos 6 or a cos 6 + b sin 6,
e Maximum value = R
e  Minimum value = -R
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Example 8

Using the R-formula, find the maximum and minimum values of 6 sin x — 5 cos x
for values of x, where 0° < x < 360°.

Solution

6 sinx—5cos x =R sin (x —a)

R=./6+5 =461

—tan (2
o =tan (6)

=39.8°
- 6sinx—35 cos x =61 sin (x — 39.8°)

Minimum value = —+/61 (when sin (x — 39.8°) = —1)
Maximum value =+/61  (when sin (x —39.8°) = 1)

Example 9

Solve 3 sin 2x + 2 sin x = 0 for 0° =< x < 360°.

Solution

3sin2x+2sinx=0

3(2sinxcosx)+2sinx=0

3sinxcosx+sinx=0

sinx(3cosx+1)=0
sinx=0 or 3cosx+1=0

x=0°, 180°, 360° cosx:_%
a=17053°

x=109.5°,250.5° (The required angles are in the 2" and 4" quadrants.)

Trigonometric Identities and Formulae
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Example 10

By expressing 4 cos x — 3 sin x in the form R cos (x + &), where R > 0 and 0 < o < % ,

(i) obtain the maximum value of 4 cos x — 3 sin x + 5 and the corresponding value
of x,

(ii) solve the equation 4 cos x — 3 sin x = 2.5 for values of x between 0 and 27
inclusive.

Solution

4 cosx—3sinx=Rcos (x+a)
R=4*+3 =5
tan a = 3
T4
a =0.6435 (to 4 s.f.)

o4 cosx—3sinx=5cos (x +0.644)

(i) Maximum value=5+5 (Maximum value of 4 cos x — 3 sin x is 5)
=10

Maximum value occurs when cos (x + 0.6435) =1,
ie.x+0.6435=2n
x=5.64(to3s.f)

(ii) 4cosx—-3sinx=25
5cos (x +0.6435)=2.5 (Use the expression obtained earlier to solve the
cos (x +0.6435) =0.5 equation.)
y X
3
x+0.6435=1.047,5235(to4 s.f) (x+0.6435 lies in the 1™ and

x=0.404,4.59 (to 3 s.f.) 4™ quadrants.)

UNIT 9



UNIT | Proofsin

Plane Geometry

(not included for NA)

Useful Properties and Concepts that are learnt in
O Level Mathematics

1. Angle Properties

(a) Alternate angles between parallel lines are equal

/Qd )
R > ar>b s

Since PQ // RS, Za=/dand Lb= Lc

(b) Corresponding angles between parallel lines are equal

R > a/>/ s

Since PQ// RS, Za=/cand /b= /d

(¢) Interior angles between parallel lines are supplementary

P s
a
R b s

Since PQ // RS, Za+ £c=180° and £b + £d = 180°

\4

Proofs in Plane Geometry




2. Properties of Congruent Triangles
e Corresponding sides are equal in length.
e Corresponding angles are equal.

3. Congruence Tests for Triangles

@i SSS
AB=XY,AC=XZand BC=YZ

X
s B
Y
¢ Z
(i) SAS
AB=XY,AC=XZand /A= /X .
s B
Y
C

(iii) AAS or ASA
AB=XY,/A=/Xand LB=/.Y

X
AWB
Y
¢ V4
(iv) RHS

Only applicable for right-angled triangles.
BC=YZ,AB=XYand £C=/Z=90°

A Z
C B X
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Properties of Similar Triangles

A

e All corresponding angles are equal.
e All corresponding sides are proportional in length.

AE _AB _EB

AD ~AC ~DC .

Area of AAEB _(AEY

Area of AADC (E)

D > C

Similarity Tests for Triangles

(i) AA
/A=/Xand /LB=/,Y

B

X
C ; i)Y
Zz
X
B
Y
A C
Zz
X
Y
C
V4

(ii) SSS
AB _ BC _ AC
XY YZ XZ
(iii) SAS
ﬁ = E and ZB=2,Y
XY vz

B

Proofs in Plane Geometry 15




6. Circles

(a) £ at centre =2/ at circumference
An angle at the centre is twice any angle at the circumference subtended by
the same arc,ie. La=2/4b.

/ ’
(b) Rt. £ in a semicircle

Every angle at the circumference subtended by the diameter of a circle is a
right angle,i.e. Za = 90°.

@

(¢) Zs in the same segment

Angles in the same segment of a circle are equal, i.e. Za= 2b.
0)

T D
If AB=BC, then LADB = ZBDC.
>
<)
<> C
B

(d) Zsin opp. segments are supplementary
In a cyclic quadrilateral, the opposite angles are supplementary,
ie. Za+ £Lc=180°and £b + £d =180°.

X
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(e)

®

(2

(h)

1 bisector of a chord passes through the centre of the circle
A straight line drawn from the centre to bisect a chord is perpendicular to the
chord,ie. OC L AB < AC =BC.

Equal chords are equidistant from the centre

Chords which are equidistant from the centre are equal, i.e. AB = DE < OC = OF.

(AOAB = AODE)

Tangent L radius

A tangent to a circle is perpendicular to the radius
drawn to the point of contact,

ie.OC L PQ.

Tangents from an external point
(i) Tangents drawn to a circle from an external point are equal, i.e. PA = PB.
(ii) The line joining the external point to the centre of the circle bisects the angle
between the tangents,
ie. ZAPO = /BPO and ZAOP = /ZBOP.

(AOAP = AOBP) a
, 4
I

B

Proofs in Plane Geometry
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7. Midpoint Theorem for Triangles
In AABC,if D and E are the midpoints of the sides AB and AC respectively, then

DE // BC and DE = %BC.

8. Tangent-chord Theorem (Alternate Segment Theorem)
The angle between a tangent and a chord meeting the tangent at the point of contact
is equal to the inscribed angle on the opposite side of the chord,
ie. LBAE = £LBCA and LCAD = LCBA.
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Example 1

The diagram shows a circle, centre O, with diameter AC and AB = AD. AC and BD
intersect at X.

(a) Prove that AABC and AADC are congruent.

(b) Prove that BD is perpendicular to AC.

B
A 0 X C
D
Solution
(a) AB=AD

AC is a common side for the two triangles.  (The hypotenuse of both
LABC = LADC =90° (rt. £ in a semicircle) triangles are the same.)
AABC is congruent to AADC (RHS congruence).

(b) Since AABC is congruent to AADC and they share the same base (AC),
BX =DX.
Since AC passes through the centre of the circle, AC L BD (L bisector of a
chord passes through the centre of the circle).

Proofs in Plane Geometry 19




Example 2

In the figure, BD and FE are tangents to the circle, centre O. BED is a tangent to
the circle at B and ACD is a straight line. ZCED = 90°.

A F
19) C
B E D

Prove that
(i) 4ABC = LECD,
(ii) AABD is similar to ABCD.

Solution

(i) Z4ECD = LACF (vert.opp. £s)
LACF = LABC (/s in alt. segments)
LABC = LECD

(ii) In AABD and ABCD,
LBAD = £CBD (/s in alt. segments)
£LABD =90° (Tangent L radius)
£LBCD = £BCA =90° (rt. £ in a semicircle)
i.e. LABD = LBCD
AABD is similar to ABCD (AA Similarity Test).
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ILUNIT | Differentiation and its
Applications

11

Formulae

1

d n n—
1. a(x)—nx

1

d n n—
2. a(ax)—anx

d
3. k=0
Addition/Subtraction Rules

4. Ify=u(x) +v(x), % = %[u(x)] + %[v(x)]

Example 1

. . 1 .
Differentiate 2x’ — 8x + — — 4 with respect to x.
x

Solution

d 1
a(zx:; - 8x2 + x—z - 4)

|
=4 0P 824x?-4)  (Change - t0x2)
dx X

=6x"— 16x-2x7°

=6~ 16v— =
X
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Chain Rule

: - dy _dy | du
5. Ifyis afunction of u, then i e

6. %[(ax + b)”] = an(ax + b)" ™!

7. In general, % [fO)] = n[f()]" " x £'(x)

Example 2

Differentiate 1/5 — 4x” with respect to x.

Solution

%(,/5-4%)
= L fsoan)

_L
- %(5 - 4x2) 2(-8x)  (Chain Rule)

_4x
5-4x7

Product Rule

_ ~ dy _ dv du
8. If y =uv, where u and v are functions of x, then - u P XV i
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Example 3

Differentiate 2x(3x° — 2)° with respect to x.

Solution

%[2x(3x3 - 2)3]

=2x(3)(3x* = 2)*(9x%) + 2(3x* = 2)’  (Product Rule and Chain Rule)
=203x=2)’27x +3x’=2) (Take out common factors.)

=23x" = 2)*(30x° - 2)

=4(3x° = 2)*(15x' - 1)

Quotient Rule

9. Ify= % , where u and v are functions of x, then i —

Example 4

2

Differentiate —2—r with tt
11rerentiate W1 respec X.
f2x+5 pectto

Solution

dx|./2x+5

6x2x+5 - (3x" + 4)6)(% + 5)‘%(2) _
= TS (Quotient Rule)

6x(2x+35)—(3x*+4)
3

d 3x2+4}

(2x+5)?
9x* +30x—4

B Jex+5)

Differentiation and its Applications
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Equations of Tangent and Normal to a Curve

10. Equation of a straight line: y — y, = m(x — x,)

¥ tangent

(1)

- normal

11. To find the equation of a tangent, we need:

Gradient of tangent, m = %

Coordinates of a point that lies on the tangent, (x,, y,)

12. To find the equation of a normal, we need:

Gradient of tangent = Y

i .Y
Gradient of normal = e

Coordinates of a point that lies on the normal, (x,, y,)

UNIT 11




Example 5

A curve has the equation y = x° + 3x.
(i) Find the equation of the tangent to the curve at (1, 4).
(i) Find the equation of the normal to the curve at (1, 4).

Solution
(i) Sdtep 1: Find % .
@ _
e 2x+3
Step 2: Substitute x = 1 into % to find the gradient of the tangent.
dy _
P 2(1)+3
=5
Step 3: Find the equation of the tangent.
y—4=5x-1)
y—4=5x-5
y=5x-1
(ii) Step 1: Find the gradient of the normal.
. 1
Gradient of normal = - Gradient of tangent
1
5

Step 2: Find the equation of the normal.
y-d=-gG-1)

S5y-20=—-x+1
Sy=-x+21

Differentiation and its Applications




Example 6

The equation of a curve is y = % . Find
d
W G
(ii) the equation of the tangent to the curve at x = 2,
(iii) the equation of the normal to the curve at x = 2.

Solution
. 5
(i) y= 1-3x
dy _ (1-3x)(0)-5(-3)
dx (1-3x)*
15
T (1-3x)
(ii) Whenx=2,
y=-1

& _3
x5

.. Equation of tangent: y + 1 = % x=2)

3.4
57775

w| W

(iii) Gradient of normal = — (mym, =-1)

.. Equation of normal: y + 1 = - % x=2)

R
Y=o343
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Connected Rates of Change

13. If % is the rate of change of x with respect to time ¢ and y = f(x), then the rate of
. L dy dy dx
change of y with respect to 7 is given by TR PR T
14. A positive rate of change is an increase in the magnitude of the quantity involved

as the time increases.

15. A negative rate of change is a decrease in the magnitude of the quantity involved
as the time increases.

Example 7

Two variables, x and y, are related by the equation y = % . Find the rate of
X+

change of x at the instant when x = 1, given that y is changing at a rate of 3.5 units/s at
this instant.

Solution
X
Y37
dy _ Bx+7)D)-x(3)
dx ™ (3x+7)
_3x+7—3x
T Bx+7)
T
T (Bx+7)
. dy dy dx
Usmgd—);=ay><a,
7 dx

35= ———x—
(3+7)* dt

9 _ 50 units/s
a

Differentiation and its Applications
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Example 8

A cube has sides of x cm. Its volume, V cm’, is expanding at a rate of 30 cm’/s.
Find the rate of change of x of the cube when the volume is 64 cm’.

Solution
V=yx
v .,
o 3x
When V=064, x=4.
When x =4,
dV _ 2
o 3(4)
=48
Given that d—V =30,
dr
v _dv_dr
dr ~ dx * dr
30 =48 x %
dx =0.625 cm/s
dr
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LUNIT | Further Applications
of Differentiation

Increasing/Decreasing Functions

1.
Function in x y f(x)
. L dy ,

First derivative o f'(x)
d2

Second derivative ¢y £ (x)
dx2
d3

Third derivative ey £ (x)
de

2. Ifyis an increasing function (y increases as x increases), the gradient is positive,

ie. % > 0.

y
c.g. A

»
|

/ y=gx)
- —/ -
X X
y\ i
y=kx)

Further Applications of Differentiation




Example 1

Find the set of values of x for which f(x) = 2x” — 10x” + 14x + 5 is an increasing
function.

Solution

fx) =2 — 10x% + 14x + 5
f'(x) = 6x° = 20x + 14

When f'(x) > 0,

6x*=20x+14>0
3 -10x+7>0

Bx-7x-1)>0

3. Ifyisadecreasing function (y decreases as x increases), the gradient is negative,

. d
i.e. ay <0.
y y
A A
y=1(x) y=gw)
—~
» X > X
y y
A A

y=kx)
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Example 2

Find the set of values of x for which y = %xS - % x> + 6x is a decreasing function.
Solution
_ls e
yEZX - + 6x
dy
i -5x+6

For y to be a decreasing function, % <0.

X=5x+6<0
x-3)x-2)<O0

L2<x<3

Further Applications of Differentiation 131




Stationary Points
dy

4. If a point (x,, y,) is a stationary point of the curve y = f(x), then F 0 when
X = X,, i.e. the gradient of the tangent at x = x,, is zero.

5. A stationary point can be a maximum point, a minimum point or a point of inflexion.

Determining the Nature of Stationary Points

X X, x X X x

dy dy
— —= < <
ar >0/ O >0 ir 0| O 0

slope / - slope \ - \

stationary J stationary \
point point
132 UNIT 12

6. First Derivative Test: Use % .
Maximum point Minimum point
X X, x X X, x*
dy dy
— > < — < >
o 0| O 0 ax 0| O 0
slope / - \ slope \ - /
stationary /\ stationary
point point \\/

Point of inflexion

Point of inflexion




2
7. Second Derivative Test: Use %

2
2
o If d—); < 0, the stationary point is a maximum point.
dx

2
o If % > 0, the stationary point is a minimum point.

2
e If % =0, the stationary point can be a maximum point, a minimum

point or a point of inflexion. Use the First Derivative Test to determine

the nature.

Problems on Maxima and Minima

8. Step 1: Find a relationship between the quantity to be maximised or minimised

and the variable(s) involved.

Step 2: If there is more than one variable involved, use substitution to reduce it to
one independent variable only.

Step 3: Find the first derivative of the expression obtained above.

Step 4: Equate the first derivative to zero to obtain the value(s) of the variable.

Step 5: Check the nature of the stationary point.

Step 6: Find the required maximum or minimum value of the quantity.
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Example 3

A curve has the equation y = 3(x + 1)*. Find the coordinates of the stationary point
and deduce the nature of the stationary point.

Solution

dy _

g, =0G+ D)
Let % =0,
6(x+1)=0

x=-1

When x=-1,y=0.

To find the nature of the stationary point, we perform the First Derivative Test.

X -1.1 -1 -09
dy

— >
P <0 0 0

stationary point

(=1, 0) is a minimum point.

UNIT 12



Example 4

Itis given that y = g and that z = x* + 2y. Given that x is positive, find the
X

value of x and of y that makes z a stationary value and show that in this case, z
has a minimum value.

Solution
16

v=—7 -

z=xX+2y —(2)

Substitute (1) into (2): (Express z in terms of one variable.)

2

=X+ —
X
="+ 327
dz _
o =2x—128x
=2x- %
X
When % =0,
2x — g =0
X
2x=@
by
=64
x==+2

Given that x is positive,
x=2
y=1 (Substitute x = 2 into (1) to obtain the value of y.)
2
% =2 +640x° (Use the Second Derivative Test to show that z has a
640 minimum value.)

=2+ —
X0
When x =2,
d*z
@ =12>0

.. zhas a minimum value.
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Example 5

_________.‘_________

X cm
The diagram shows a rectangle of length x cm and 2 semicircles each of radius » cm.
The perimeter of the figure is 400 cm and the area of the rectangle is A cm”.
(a) Show that A = 400r — 27,
(b) Find an expression for %
(¢) Calculate

(i) the value of r for which A is a maximum,

(ii) the maximum value of A.

Solution
(a) Given that the perimeter is 400 cm,
2x + 2mr = 400 (As A is expressed in terms of  only, we make use of
x=200-mr the perimeter to obtain an equation involving x and r,
A =x(2r) before substituting it into A.)
= 2r(200 — 1)
= 4007 — 27 (proven)
dA

(b) - =400 4w

UNIT 12



(¢) (i) When % =0,

400 —4mtr =0
_ 100
Ton

r
d’A o
— =—-4m <0 (Use the Second Derivative Test to check
dr . .

that A is a maximum.)
- A is a maximum.

(ii) When r = % ,

2
A= 400(@) - 2n(@)
n R

40 000 20 000

T o=
20 000
T oon
= 6370 (to 3 s.f.)

.. The maximum value of A is 6370 (to 3 s.f.).
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Example 6

A cylinder, which is made using a thin sheet of metal, has a volume of 500 cm’, radius

of x cm and height of 4 cm.
(a) Express A in terms of x and hence, express the total surface area, A cm’, in terms

of x.
(b) Find the value of x for which A will be a minimum.

h

Solution
(@ V=mx’h
wh = 500
X
A=2m + 2mx (&2)
X
o 4 1000

X

(b) A =2mx*+ 1000x™"

A _ B
e 4tx — 1000x
1000

2
X

=4mx —

To find the minimum value of A, % =0.

e 1000 _,
X
TT
_ 20

=430 (to 3 s.f)
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Differentiation of Trigonometric,
Logarithmic & Exponential

1 3 Functions and their Applications

(not included for NA)

Differentiation of Trigonometric Functions

1. Ensure that your calculator is in the radian mode.

2. % (sin x)=cos x % (cos x)=-sinx
4 (tan x) = sec’ x 4 (sec x)=sec x tan x
dx dx
4 (cot x) = —cosec” x 4 (cosec x) = cosec x cot x
dx dx

%[sin(Ax + B)] = A cos (Ax + B)
%[cos (Ax + B)|=-A sin (Ax + B)

%[tan (Ax + B)| = A sec’ (Ax + B)

Example 1

Differentiate each of the following with respect to x.
(@) 3sin(2x+1) (b) (2x+1)cos3x
(¢) x’tan (3x +2)

Solution
(@) <-[3sin(2x+1)]=3[2cos 2x+ 1))
=6cos (2x+ 1)
(b) % (2x + 1) cos 3x = (2x + 1)(3)(-sin 3x) + cos 3x (2) (Product Rule)

=-3(2x + 1) sin 3x + 2 cos 3x
(© %[ﬁ tan (3x + 2)] =x'(3) sec’ (Bx+2) +tan (3x +2) (3x) (Product Rule)
=3x" [x sec® (3x + 2) + tan (3x + 2)]
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Example 2

Find the gradient of the curve y = x sin x at the point where x = 1.

Solution

y=xsinx
L + si (Gradient of cur ftﬂ)
o S reosx+sinx radient of curve refers to 7=
Whenx=1,
dy . .
i cos 1 +sin1 (Radian mode)

=1.38 (to 3 s.f.)

.. Gradient of curve at x = 1 is 1.38

d n _ son—1
4. a[sm x] =nsin"" xcosx
i[cos ] —ncos"” ' xsinx
dx
d n—1 2
a[ta ] =ntan  xsec x
5. %[sm (Ax + B)] Ansin""' (Ax + B) cos (Ax + B)
%[cos” (Ax + B)] =—Ancos""' (Ax + B) sin (Ax + B)
d [tan" (Ax + B)] = Antan""' (Ax + B) sec’ (Ax + B)
In general,

6. %[sin” f(x)] =nsin" " f(x) x %[sin ()]

%[cos” f(x)] =ncos" ' f(x)x %[cos f(x)]

%[tan” f(x)] =ntan" "' f(x) x %[tan f(x)]

UNIT 13



Example 3

Differentiate each of the following with respect to x.
(a) cos® (1 -3x)

(b) 3 tan’ (2x—m)

(c) sin®* (3x +2) cos x°

Solution

(a) %[cosz(l - 3x)] =2 cos (1 - 3x)[~(=3) sin (1 - 3x)]

=6 cos (1 —3x) sin (1 — 3x)

(b) %[3 tan® (2x — n)] = 3[(3) tan’ (2x — n)][(Z) sec? (2x — n)] (Chain Rule)

= 18 tan® (2x — ) sec’ (2x — )

(c) % [sin® (3x + 2) cos x°]

=(2) sin Bx + 2) (3) cos (3x + 2) (cos x*) + sin® (3x + 2) (2x) (—sin x°)
=6 sin (3x + 2) cos (3x + 2) cos x> — 2x sin”* (3x + 2) sin x> (Product Rule and
Chain Rule)

Differentiation of Logarithmic Functions

7.

8.

9.

10.

d 1
=y
d _a
Gl (@ +bl=27
4 , d
In general, (?x [111 f(x)] = ff((;)) , where f'(x) = a[f(x)] .

As far as possible, make use of the laws of logarithms to simplify logarithmic
expressions before finding the derivatives.

Differentiation of Trigonometric, Logarithmic & Exponential Functions and their Applications
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Example 4

Differentiate each of the following with respect to x.

(@ InGx+1) () In(2x* +5)

2x 8 +4x
© ln(3x2 + 4) @ 1n(3x— 5)
(e) In[x (5x -2)] ® XIn@x-1)
Solution

(a) %[m (Gx +1)]= %

x+1

(b) %[m (22 +5)]= %[3 In (2* + 5)]

=3 éix (Power Law of Logarithms)
2x°+5

_ 12x
2x%+5

d 2 d
(© a[ln(ﬁ)} = a[1n 2x—1In(3x*+ 4)]

2 __6x
T 2x 3x7+4
_1 6x

T x 37+ 4

) %[m( 8+ 4)‘)} = i[ln (8+4x)—1In(3x-95)

3x-5 dx
-4 3
T 8+44x 3x-5
_ 13
“2+x 3x-5
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© %m[x(s)c -2))= d[lnx+1n(5x ~2)]

1 15x°
=—+——
X 5x'-2

dr. s _ .3 4 2 _

0 —[x ln(4x—1)]—x(4x_l)+3x In(4x 1)
_ 4-}C3 2
_—4x_1+3x In(4x —1)

Example 5

Two variables, x and y, are related by the equation y = 3 nx7 .
X+
change of x at the instant when x = 1, given that y is changing at a rate of 0.18 units/s

at this instant.

Solution

_ Inx
T 3x+7

(Gx + 7)@ 3y

dx Bx+7)
_3x+7-3xInx
x(3x+7)

dy _ dy dx
Using G =@ @ °
3(1+7 -3l dx

13+77 dr

dy _

0.18 =

@ 1.8 units/s
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Example 6

n2x

el Find the rate of change of y at the
X

x and y are related by the equation y = !

instant when y = 0, given that x is changing at a rate of 2 units/s at this instant.

Solution

_In2x
3x?

_1o
= 3x In 2x

% = %(—2))6‘3 In 2x + %x‘z (%) (Product Rule)
21In 2x 1
T 3%
_1-21In2x
B 3x°

Wheny =0,
In2x=0
2x=¢’

xX=

2
dy dy dx

Using FTiR PR

1
1—21n2(—)
I 2,

dr 1 3
o3

1 .
= 53 units/s

Differentiation of Exponential Functions
d . .
11. a(e)—e

12. %(eax+b)=aeax+b

i N _ 7 1(x) reoN i
13. In general, dx(e ) =1 (x)e"”, where f (x) = dx[f(x)]'
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Example 7

Differentiate each of the following with respect to x.

(a) e2—3): (b) x264x
e3x esinx +1
- d I—
(C) X2 1 ( ) ecosx
Solution

(a) %(62—3):) :_362—3)(

(b) % (*e*™) = x*(4e™) + 2xe™  (Product Rule)
=2xe™ 2x + 1)

© 4 [ e ] _ (@43 —e™(@2x)  (Quotient Rule)
dx|x*+1 (x*+1)
_ 32+ e’ — 2xe™
(x> +1)
e [3(x2 +1)— 2x]

(x> +1)

@) i(e“‘” + 1) _ e (cos xe" ™) — (e + 1) (—sinx)  (Quotient Rule)
dx cosx -

(ecosx )2
e e"™ cosx + (e + 1)e ™ sinx
- e2cosx
e™" [esm cosx + (™ + 1)sin x]
= eZCosx
_ e cosx + (e™ + )sinx

Ccosx

S
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Example 8

The equation of a curve is y = " cos x, where 0 < x < 7.
Find the x-coordinate of the stationary point of the curve.

Solution
y=¢"cosx
b " (—sin x) + cos x (&)
i 0s x (e
=¢" (cos x — sin x)
dy _
When dx_o’
e (cosx—sinx)=0
€' = 0 (no solution) or cosx—sinx=0
cos x = sin x
tanx =1
X = E
T4
Example 9

1
Given that the equation of a curve is y=e? + >
e
(i) find the coordinates of the stationary point on the curve,
(ii) determine the nature of the stationary point.

Solution
1
0 y=e'+d
e
1, 1
=e? +4e?
1. 1
%:%ez +4(—l)e 2
1 1
=%e§x—267x
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hen =¥ =
W endx 0,
1 L L
Eez -2¢?2=0
l —
%ez =2e?
1y
e2
,1x=4
e 2
e'=4
x=1In4
5ind 4
y=e’ +—
=In4
eZ
4
=2+
"2

.. Coordinates of stationary point are (In 4, 4)

O (%)(%)e - (m(-%)e‘i*

1. 1
=%e2 +e?
When x=1n 4,
2
%=1>0

.. The stationary point is a minimum.
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(UNIT | Integration

14

Integration
1. Ify=f(x), then fydx= ff(x) dx.

2. If % = g(x), then f g(x) dx =y + ¢, where c is an arbitrary constant.

Formulae and Rules
3. fk dx = kx + ¢, where k is a constant

n+l

4. fax"dx= ax + ¢, where n # -1
n+1
o (ax+b)"*!
5. f(ax+b) dv= "+ ¢ where n |
6. f [0 = g00] dr = ff(x)dxi fg(x)dx

Example 1
Find
@ [5dx, () [3x dr.
3 2 7
© f(zx ~3x+6)dx, (d) fx(3x +;)dx,

() fs(zx ~5)°dx.
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Solution
(@) fs dr=5x+c

5 B 3x5+1
(b) [3x'dr= T +c
=§x6+c
5 B 2X3+1_3X1+1
© f(zx—3x+6)dx_—3+1 4 br+e
=§x4—%x2+6x+c

(d) fx (3x2 + %) dx = f(3x3 +7)dx (Multiply x into the terms in the bracket

3,31 before doing the integration.)

T 3+41

+7x+c

34
4x +7x+c

3 2 _ 5 6+1
(e) f3(2x - 5)6 dx = % + ¢ (It is not necessary to find the expansion
3 of 2x-15)%)
— _ 7
=1 2x=-5)"+c

Example 2

Find the equation of the curve which passes through the point (2, 10) and

o dy 4
for which Pl 3x° - x—2
Solution
dy 2 4
- =3x" - —
dx X2
=3x" —4x”
y= f(3x2—4x-2) dx
=X +4x"+c
3 4
=x"+ — +c
X

Integration
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Whenx=2,y=10,
4
— 3 —
10=2"+ > +c
c=0

. . 4
. Equation of the curve is y = x’ + <

Integration of Trigonometric Functions
7. fsinxdx:—cosx+c
8. fcosxdx:sinx+c

9. fseczxdx=tanx+c

1

10. sin(Ax+B)dx:—Z cos (Ax+ B) +c¢

11. |cos (Ax+ B)dx= —sin (Ax+B) + ¢

12. (sec’ (Ax+ B)dx= —tan (Ax+ B) + ¢

150 UNIT 14




Example 3

Find
() fcos (5x +3) dx, (b) fa sin (3x— 1) dx,

© fz sec? (8 - 3x) dx.

Solution
(@) Jcos (5x+3)dx= ésin(5x+3)+c

—cos(3x-1)

(b) f3 sin(3x—1)dx=3[ : p

=—cos(Bx—-1)+c¢

© fz sec? (8 —3x) dx =2 [%3‘3") +c  (Note that [2sec’ (8~ 3x) d
2 # 2 sec’ (8 —3x) + ¢)
= —Ftan (8 -3x) +¢ 9

13. Methods of Integrating Trigonometric Functions:
o Use trigonometric identities e.g. 1 + tan” x = sec’ x
e Use double angle formulae e.g. cos 2x =2 cos” x— 1 or cos 2x = 1 — 2 sin’ x

Integration 151




Example 4

Find
(a) f4 tan® 3x dx, (b) [sin x cos x dx,

2 X
(c) f6 cos 5 dx.

Solution
(a) f4 tan® 3x dx = 4f(sec2 3x—1) dx

= 4[%tan3x—x]+c

= %tan3x—4x+c

1
(b) fsinxcosxdx: EIZ sin x cos x dx

1
=3 sin 2x dx

1 [—cos Zx]
+c

2 2

=—%c052x+c

2 X L 2 X
(o) f6cos de—3f2cos 2dx
:3f(cosx+1)dx (cosA:2coszg—l)

=3[sinx+x]+c¢
=3sinx+3x+c
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Example 5

. a2 3 . 5
Prove that (2 cos 0 —sin 0)" = 5 cos 20 —2sin26 + 5"
Hence, find f(2 cos x — sin x)* dux.

Solution

LHS = (2 cos 0 — sin 6)°
=4 cos’ 0 +sin* @ — 4 sin 6 cos O
-4 1+ cos26 . 1-cos26
- 2 2

) —2(2sinf cosB)

=2+2cos 26‘+%—%cos 26 — 2sin 26

3 . 5
—500320—2sm20+§

= RHS (shown)
oo (3 . 5
f(2 COS X — sin x) dx-f(i cos 2x — 2 sin 2x + E)dx

3. ’
5 S x_(—20052x)+§x+c
2 2 2

3 . 5
—Zsm2x+0032x+§x+c

Integration of P

14, [ de=np+e

1 1
15. fax+bdx=51n|ax+b|+c

16. In general, f%dx =In|f(x)| + ¢
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Example 6

Find
5 4
@ f3x+5dx’ (®) f2—3xdx’
457+ 3x*
(c) | ——== dx.
f 2x°
Solution
5 ~ 1
@ [rrse=mse
—§f3 dx (Manipulate th sion to obtai
= 3 3x+5 anipulate C;)EPI‘CSSIOH O obtain
5 ; g _
- §1n (Bx+5)+c one in the form ) )

4 1
0 [5rgpde=dfyg
I
T 3J2-3x
4
=—§ln(2—3x)+c
4%+ 3x* 4x*  3x*
(© [2XF3% e = [[2X 3% g
f 2x° f(2x3 2x°
2 3
=f(;+§x)dx

=2Inx+ %x2+c
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Example 7

X . . . 2x+4
Express m in partial fractions. Hence, find f m dx .
Solution
L 2x+4 A B

I Dx-2) x+l o2

By Cover-Up Rule,

_ 2 _8
A——gandB—?)

2x+4 2 8
G+D(x=-2) 3x+D 3x-2)

2x+4 2 8
(x+1)(x—2)dx=f[_3(x+l)+3(x—2)dx

2 8
—3 ln(x+1)+§1n(x—2)+c
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Example 8

x+15
Fin df( ain ™

Solution

x+15 A B

Lt a3 " x-2 %43

By Cover-up Rule,

A—%a dB——%

x+15 _ 17 12
(x=2)(x+3)  5(x=2) 5(x+3)

x+15 ‘f[ 17 12
(x-2)(x+3) "~ J[5(x-2) 5(x+3)

—ln( -2)- —1n(x+ 3+c

Integration of e*

17. fexdx=ex+c
ax+ b _l ax+ b
18. fe dx—ae +c
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Example 9

Find
(a) fe3x dx, (b) f62x+3 d.x,

X 3x-1

5 a [ 4
© foerar, @ [ ar
Solution

(a) fe” dx :%e” +c

(b) erx+3dx=%62x+3+C

X

x 3
© f6e3dx:6%+c

3

X

=18e’+c¢
3x-1 -1y
e’ ' -4 e _ dx
@ de-f(%x ZGX)

Leoa-1_ 2e”‘) dx

I
—

2
1 2x-1
_2° _2et
B 2 -1
sl 20
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Applications of Integration

15

Definite Integrals

b
1. f f(x) dx =[F(x)] =F(b) - F(a)

2. faf(x) dx=0

s [fiwan=- [T

o [rawoef o

s [rwos [ [fwa

. [iwseoon[iars [unan
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Example 1

Evaluate

4
(a) (x ——+3) X (b) f Sx—4 dx
1 1

Solution
3 10 3

(a) (xz——2+3) dx =f (x2—10x’2+ 3) dx
1 X 1

_1 3
=|=x*+10x7" + Sx]
.3 1

r 3
=l +E+3]
3 1

_' 10
—9+3+9] [3+10+3]

=8

4 4 1
(b) f S5x—4 dx=f (5x—-4)2dx
1 1

_|(5x—4)

Jorot
|

[SIE]
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Example 2

5
Given that f f(x) dx =10, find the value of each of the following.

1
1 5
@) ff(x)dx (ii) f2f(x)dx
5 1

(iii) f 4[f(x)+3J}] dx + f 5f(x) dx
1 4

Solution
1

) f f(x) dx =10
5

5 5
(ii) f 2f(x)dx = 2f f(x)dx
1 1

=2(10)
=20

4 5 4 4 5
(iii) f [f(x)+ 3&] dx + f f(x)dx = f f(x)dx +3 f x%dx+ f f(x) dx
1 4 1 1 4

4
5 2
:f f(x)dx + 3|2
| 3

2

w

=10+ Z[x%I

ER
=10+2[42—12}
=24
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Example 3

2

. d 1 12x
Find ——|———| and hence find the value of —==  _dx.
1n dx(9_2x2) an ence 1n € value o fl (9—2x2)2 X
Solution
df 1) _(9-2x")0)-1(-4x)
dx{9 —2x? (9-2x%)

- 4x

(9-2x%)

2 2
f 1273622 dx = 3f L“ dx (Make use of the answer in the first part
1 (9-2x7) 1 (9-2x7) of the question.)

1 2
=3—
[9_2]62}1
1 1
-3{1‘7}

_1s
7

Example 4

Evaluate each of the following.

(a) f * 3 sin 3x dux (b) fz(secz x+2cos x)dx
0 0
Solution
3 3 ;
(a) f 3sin 3x dx = 3[‘“’3 x]
0 3 0
=—[cos 3x]g

Applications of Integration
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(b) f4 (sec’ x +2cos x) dx =[tan x + 2sin x]#
0

T . TC .
=[tanz + 2SIHZ] - [tanO + 2sin O]

:1+\/§

Area bounded by the x-axis

7. For aregion above the x-axis:
Area bounded by the curve y = f(x), the lines x = @ and x = b and the x-axis is

b
f f(x)dx.

y=1x)

8. For aregion below the x-axis:
Area bounded by the curve y = f(x), the lines x = a and x = b and the x-axis is

b
f f(x)dx

y=1x)
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Example 5

Find the area of the shaded region bounded by the curve y = 2x’, the x-axis and the
lines x =1 and x = 3.

»

Solution
3
Area of shaded region = f ydx
1

3
=f 2x%dx
1

_laa s
—2[3 1"]
= 40 units’
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9.

Example 6

The figure shows part of the curve y = (x — 2)(x — 5). Find the area of the shaded
region.

y
A

10-\ /y x=2)x-5)
2 5 >

5 5
f (x—2)(x—5)dx=‘f (x> = 7x+10) dx
2 2

Solution

5

3 2
lxT Tx
—[3— > +10x}

2

3 2 32

[ﬁ _I16) 10(5)} _ [23 _1er, 10(2)}

=4.5 units*

For an area enclosed above and below the x-axis:
Area bounded by the curve y = f(x) and the x-axis as shown below is

b c
f f(x)dx + f f(x)dx
a b

y 3

y=1fx)

64
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Example 7

The diagram shows part of the curve y = (x — 1)(x — 2).
Find the area bounded by the curve and the x-axis.

y
A

y=@-Dx-2)

Solution

1 2
Area of shaded region =f (x=D(x-=2)dx+ f (x=1D(x-2)dx
0 1

2
f (x* = 3x+2)dx
1

2
1 3 3 2
[gx -5 +2x]

1
=f (x> =3x+2)dx+
0

15 3. .7
—[3x 2x +2xL+

o

=1 unit’

1

ENE]
376

Area bounded by the y-axis
10. For a region on the right side of the y-axis:
Area bounded by the curve x = f(y), the lines y = @ and y = b and the y-axis is

b
f £(y) dy. /
b x=1(y

~<
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Example 8

The figure shows part of the curve y = x’. Find the area of the shaded region.

27—

Solution
y=x

x=yy
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11. For aregion on the left side of the y-axis:
Area bounded by the curve x = f(y), the lines y = a and y = b and the y-axis is

b
‘f f(y) dy
\ y
x=1(y)

«V

Applications of Integration 167




Example 9

Calculate the area of the shaded region shown in the figure.

A x=(y—4)2
4L
X
0
Solution
5
Areaof (P + Q) =f (y—4) dy y
3 A x=(y—4)2
R g
=" P (1,5)
3
1 (1 4
3 3
=2 units? i Q ________ (1,3)
3
» X
0

Area of shaded region = Area of rectangle — Area of (P + Q)

-2 3

units’

3

168
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Example 10

The diagram shows the curve y = x* — 4. It cuts the line y = 5 at P(3, 5). The line x = 4
intersects the curve at R(4, 16). Find the area of the shaded region POR.

y
A

y=x'—4

Solution
4

Area of POR = f [()c2 -4)- 5] dx
3

4
=f (x* =9)dx
3

4
= [lx3 - 9x]
3 3

44
5]

= 3% units”
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Kinematics

(not included for NA)

16

Relationship between Displacement, Velocity and
Acceleration

1. Differentiation:

as av_d’s
dt dr  df?
displacement, s velocity, v acceleration, a

Integration: s = f vdt V= f adt

Common Terms used in Kinematics

2. Displacement, s, is defined as the distance moved by a particle in a specific
direction.

3. Velocity, v, is defined as the rate of change of displacement with respect to
time. v can take on positive or negative values.

4. Acceleration, a, is defined as the rate of change of velocity with respect to time.
a can take on positive or negative values.
When a > 0, acceleration occurs.
When a < 0, deceleration occurs.

5. Initial t 0
At rest v =
Stationary v =
Particle is at the fixed point s =
Maximum/minimum displacement v = 0
Maximum/minimum velocity a=0

UNIT 16




6.

7.

Total distance travelled
Total time taken

Average speed =

To find the distance travelled in the first n seconds:

Step 1: Let v =0 to find 7.

Step 2: Find s for each of the values of 7 found in step 1.

Step 3: Find s for t=0 and ¢ = n.

Step 4: Draw the path of the particle on a displacement-time graph.

Example 1

A particle moves in a straight line in such a way that, # seconds after passing
through a fixed point O, its displacement from O is s m. Given that s =2 — %,
find

(i) expressions, in terms of 7, for the velocity and acceleration of the particle,
(ii) the value of 7 when the velocity of the particle is 025 m s,
(iii) the acceleration of the particle when it is 1 m from O.

Solution
. 4
(i s=2- )
V= ds = 4 (Apply the Chain Rule of Differentiation)
e (t+2)
a8
dar (r+2)

(ii) Whenv=0.25,
4

— =0.25
(t+2)
(t+2)°=16
t+2==+4

t=2ort=-06 (rejected) (The negative value of 7 is rejected since
time cannot be negative.)

Kinematics




(iii) Whens =1,

PP
t+
4 -
5 =
t+2=4
r=2
. . 8
Substitute =2 into a = ————-:
(t+2)
__ 8
(2+2)
1
-3 1
.. Acceleration of the particle when it is 1 m from O is — gms -
Example 2

A particle moves in a straight line such that its displacement, s m from a fixed point
A, is given by s = 2t + 3 sin 2¢, where ¢ is the time in seconds after passing point A.
Find

(i) the initial position of the particle,

(ii) expressions for the velocity and acceleration of the particle in terms of 7,

(iii) the time at which the particle first comes to rest.

Solution

(i) s=2t+3sin2t
When =0, s =2(0) + 3 sin 2(0) = 0.
.. The particle is initially at point A.

(ii) s=2t+ 3 sin 2t
_ds

T dr
=2+ 6 cos 2t
_dv

T dr
=-12sin 2¢

1%

a
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(iii) When v =0,
2+6¢cos2t=0
1
cos 2t——§

2t=191 (to 3 s.f)
t=0.955

Example 3

A stone that was initially at rest was thrown from the ground into the air, rising at a
velocity of v =40 — 10¢, where ¢ is the time taken in seconds.

(i) Find the maximum height reached by the stone.

(i) Find the values of r when the particle is 35 m above the ground.

Solution

G s =fv dr
= f(40 —10¢) dr

=40t -5 + ¢

Whent=0,5s=0 ..c=0
s =40t - 5¢
At maximum height,
v=0 (v =0 at maximum displacement.)
40-10r=0
t=4
When ¢ =4, s = 40(4) — 5(4)* = 80.

.. The maximum height reached by the stone is 80 m.

(ii) When s =35,

40t — 5¢ =35
5 —40t+35=0
£—8+7=0
(t—1)t-7)=0

t=1 or =7

.. The particle is 35 m above the ground when#=1and r=7.
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Example 4

A particle moves in a straight line so that, 7 seconds after passing through a fixed
point O, its velocity, v cm s™, is given by v = 8¢ — 37 + 3. The particle comes to
instantaneous rest at the point P. Find

(i) the value of 7 for which the particle is instantaneously at rest,

(ii) the acceleration of the particle at P,

(iii) the distance OP,

(iv) the total distance travelled in the time interval r =0 to t = 4.

Solution

(i) Whenv=0,
8—3f+3=0
3 —-8r—3=0

@B+ 1)(x-3)=0
t=—%(rejected) or t=3
(i) v=8r-37/+3
a=8-6t
Whent=3,a=-10

. Acceleration of the particle at P is —10 cm s .

(iii) s=fvdt
=f(8t—3t2+3)dt

=4 - +3t+c

Whent=0,s=0 ..¢c=0
ss=4F—F + 3¢
Whent=3,s=18

s OP=18 cm
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(iv) Whent=0,s=0.
Whent=3,s=18.
Whent=4,s=12.

t=4
$t=3 (Draw the path of
20 > the particle on a
. . _displacement-time graph.)
0 12 18

.. Total distance travelled = 18 + (18 — 12)
=24 cm

Example 5

A particle moving in a straight line passes a fixed point O with a velocity of 4 m s
The acceleration of the particle, a m s, is given by a = 2¢ — 5, where ¢ is the time
after passing O. Find

(i) the values of r when the particle is instantaneously at rest,

(ii) the displacement of the particle when t = 2.

Solution

i) v=fadt
=f(2t—5)dt

=F—5t+c¢

Whent=0,v=4 .. c=4
Lv=r—5t+4

When the particle is instantaneously at rest, v = 0.
£—5t+4=0
t-4Hr-1)=0
t=4 or t=1
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(i) s :fv dr
:f(t2—5t+4) dr

13 5 2
=30 -5t +4t+¢
Whenr=0,5s=0 ..¢,=0
ls 5,

Sos= §t Et + 4t

Whent=2,
_ 1,6 5,0
s= 3(2) 2(2) +4(2)

2

-3

2
.. Displacement of the particle is 3m

Example 6

A particle starts at rest from a fixed point O and travels in a straight line so that,
t seconds after leaving point O on the line, its acceleration, a m s, is given by
a=2cos t—sin t. Find

(i) the value of r when the particle first comes to an instantaneous rest,

(i) the distance travelled by the particle in the first 3 seconds after leaving O.

Solution
(i) a=2cost—sint
% =fa dr (Recall that when a particle is at instantaneous rest, v =0.)

=f(2(:ost—sint) dr

=2sint+cost+c
Whent=0,v=0 ..c=-1 (NotethatcosO=1.)
sov=2sint+cost—1
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Whenv =0,
2sint+cost—1=0

2sint+cost=1 (R-formula is needed to solve this equation.)
J5 sin (7 +0.4636) = 1

sin (7 + 0.4636) = %

basic angle, a = 0.4636 (to 4 s.f.)

t+0.4636 =0.4636,2.677
t=0,2.21(to3s.f)

.. The particle first comes to an instantaneous rest when t = 2.21.

(ii) s:fvdt

:f(ZSint+cost—l)dt

=sint—-2cost—t+d

Whent=0,5s=0 sd=2
sos=sint—2cost—t+2

Whent=0,s5=0.
When t=2.214,5s =1.785.
Whent=3,s=1.121.

t=3

}l =2214

T T
0 1.121 1.785

v

»
|

.. Total distance travelled = 1.785 + (1.785 — 1.121)
=245m (to 3 s.f.)
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MATHEMATICAL FORMULAE

1. ALGEBRA

Quadratic Equation
For the equation ax* +bx+c=0,

—b++b* —dac

x:
2a

Binomial expansion

n n n n-1 n n-212 n n-ryr n
(a+b) =a"+| |a"'b+| _|a"?b* +..4| |a" b +..+b",
1 2 r

n] n! n(n—1)...(n—r+1)

where » is a positive integer and
r!(n - r)! r!

2. TRIGONOMETRY

Identities
sin? 4 +cos?A=1
sec’4=1+tan’A
cosec’d =1+ cot’ 4
sin(4 £ B) =sin 4 cos B £ cos 4 sin B
cos(4 £ B)=cos A cos B ¥sin4sin B
tan A +tan B
tan(4+ B) = —n A= E
1Ftan 4 tan B
sin 24 = 2sin 4 cos A
cos 24 =cos’ A —sin> A =2cos* A — 1 =1-2sin> 4
tan24 = 72tan ZA
1—tan” 4
Formulae for AABC
a b c

sinA:sinB:sinC
a’ =b*+¢* —=2bc cos A

A =lbc sin 4
2
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